GLOBAL BEHAVIOR OF FINITE ENERGY SOLUTIONS TO THE d- 
DIMENSIONAL FOCUSING NONLINEAR SCHRODINGER EQUATION 
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^ , Abstract. We study the global behavior of finite energy solutions to the d-dimensional 

^ ' focusing nonlinear Schrodinger equation (NLS), idtu + Am + |u|p^^u — 0, with initial data 

Mo € H^ ^ X S IR''. The nonlinearity power p and the dimension d are such that the scaling 

index s = f ri is between and 1, thus, the NLS is mass-supercritical (s > 0) and 

Xi' ■ energy-subcritical (s < 1). 

For solutions with A^£[mo] < 1 (A^^[uo] stands for an invariant and conserved quantity 
in terms of the mass and energy of uo), a sharp threshold for scattering and blowup is given. 
Namely, if the renormalized gradient Qu of a solution u to NLS is initially less than 1, i.e., 
Gu{Q) < 1, then the solution exists globally in time and scatters in H^ (approaches some 
r^ I linear Schrodinger evolution as i — >■ ±cx)); if the renormalized gradient GuiO) > 1, then the 

t^ I solution exhibits a blowup behavior, that is, either a finite time blowup occurs, or there is 

a divergence of H^ norm in infinite time. 

This work generalizes the results for the 3d cubic NLS obtained in a series of papers by 
Holmer-Roudenko and Duyckaerts-Holmer-Roudenko with the key ingredients, the concen- 
^N , tration compactness and localized variance, developed in the context of the energy-critical 

.*zl I NLS and Nonlinear Wave equations by Kenig and Merle. 
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Q ■ 1. Introduction 






In this paper, we consider the focusing Cauchy problem for the nonhnear Schrodinger 
equation (NLS), denoted by NLSp(M'^), with finite energy initial data (i.e., uq G H^lW^)), 

idtU + Am -|- ImIP'-^m = 



=^' ^ uix,0) = Uo{x) GiJi(M^), ^^-^^ 

where u = u{x,t) is a complex-valued function in space-time Mf x M^, p>l. 

2 

For a fixed A G (0, oo), the rescaled function u\{x,t) := Xp^u{Xx,XH) is a solution of 
NLSp(R°') in (II. ip if and only if u{x,t) is. This scaling property gives rise to the scale- 
invariant norms. Sobolev norm H''''{W'-) with Sc := f ^Y-Ginibre-Velo |GV79ai IGV79b] 

showed that the initial-value problem NLSp(M'^) with initial data u{x,0) = uq{x) G H^{W^), 
I < p < 1 + ^32 ^^ locally well-posed in H^{'R'^) with s > 1. Later, Cazenave-Weissler |CW90j 
showed that for small initial data in H^(M.'^), with < s < | and < p < ^^, there exists a 
unique solution to NLSp(M'^) defined for all times. If the data is not small, we can define the 
maximal interval of existence of solutions to NLSp(M'^) and denote it by {T^,T*). We say a 
solution is global in forward time if T* = -|-oo. Similarly, if T^, = — oo, the solution is global 
in backward time. A solution is global if {T^,, T*) = M. 

1 
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On their maximal interval of existence solutions to (11. ip have three conserved quantities: 
mass, energy and momentum, where 



M[u]{t) = \u{x,t)\^dx = M[uo], 
E[u]it) = - [ \Vuix,t)\^dx ^ [ \u{x,t)\P+^dx = E[uo\, 

2 jRd P+l J]S.d 

P[u]{t) = Im / u{x,t)Vu{x,t)dx = P[uo]. 

Jr'' 

The following quantities are scaling invariant: 

E[uY^M[uY-'^, and ||m||^-(^j^,,||Vm||^'=,(j,,). 

These quantities were first introduced in [HR07J in the context of mass-supercritical NLS 
(0 < s < 1) and used to classify the global behavior of solutions. 

We say that a global solution u{t) to NLSp(R'^) scatters in if*(M'^) as t — )• +cx) if there 
exists V^ e H''{R'^) such that 

lim \\u(t) - e'^^ij+WHsim = 0. (1.2) 

Similarly, we can define scattering in H'^{W^) for t — t- — oo. 

For the L^-critical NLS equation (i.e. s = 0) with uq e if ^(M°'), Weinstein in |Wei82] estab- 
lished a sharp threshold for global existence, namely, the condition ||Mo||L2(]Kd) < ||Q||i2(-]Kd-), 
where Q is the ground state solution (see Section [2^ . guarantees a global existence of evo- 
lution Mo ^^ u{t). Solutions at the threshold mass, i.e., when ||uo||l2(r<*) = ||Q||L2(Kd), may 
blowup in finite time. Such solutions are called the minimal mass blowup solutions. Merle in 
|Mer93] characterized the minimal mass blowup H^ solutions showing that all such solutions 
are pseudo-conformal transformations of the ground state (up to H^ symmetries), that is, 

i/{T-t) i\x^^/{T-t) / 

u^{x,t) = — Q 



T -t \T-t 

In the energy-critical case s = 1, Kenig- Merle |KM06] studied global behavior of solutions 
with Mo G H^{M.'^) in dimensions d = 3,4, and 5 and showed that under a certain energy 
threshold (namely, E[uo] < E[W], where W is the positive solution of AW + W^ = 0, 
decaying at oo), it is possible to characterize global existence versus finite blowup depending 
on the size of ||VMo||i2(igd), and also prove scattering for globally existing solutions. To 
obtain the last property, they applied the concentration-compactness and rigidity technique. 
The concentration-compactness method appears in the context of wave equation in Gerard 
|Ger96j and NLS in Merle- Vega [MV98J . which was later followed by Keraani |Ker01j . and 
dates back to works of P-L. Lions |Lio84] and Brezis-Coron |BC85j . The rigidity argument 
(estimates on a localized variance) is the technique of Merle from mid 1980's. 

The mass-supercritical and energy-subcritical case (0 < s < 1) is discussed in detail in the 
next section, and the energy-supercritical case [s > 1) is largely open. 

In the mass- supercritical and energy-subcritical case (0 < Sc < 1) the 3d cubic NLS 
equation with uq G H^ was studied in a series of papers |HR08j . [DHR08J . |DR10j . |HR10cj 
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and [HPRlOj . The authors obtained a sharp scattering threshold for radial initial data 
in |HR08j . under a so called mass- energy threshold M[u]E[u] < M[Q]E[Q], where Q is 
the ground state solution. The extension of these results to the nonradial data is in 
|DHR08] . Behavior of solutions and characterization of all solutions at the mass- energy 
threshold M[u]E[u] = M[Q]E[Q] is in |DR10] . For infinite variance nonradial solutions 
Holmer-Roudenko in |HR10cj introduced a first application of concentration-compactness 
and rigidity arguments to prove the existence of a "weak blowup"Q In addition, Holmer- 
Platte-Roudenko |HPR10j consider (both theoretically and numerically) solutions to the 3d 
cubic NLS above the mass- energy threshold and give new blowup criteria in that region. 
They also predict the asymptotic behavior of solutions for different classes of initial data 
(modulated ground state, Gaussian, super-Gaussian, off-centered Gaussian, and oscillatory 
Gaussian) and provide several conjectures in relation to the threshold for scattering. 

In the spirit of jDHROSj . |HR08j . [HRlOcJ ,Carreon- Guevara |GGllj study the long-term 
behavior of solutions for the 2d quintic NLS equation with uq G H^{s = |). This equation 
is important to study since it has a higher power of nonlinearity (higher than cubic), and 
recently a nontrivial blowup result (a standing ring) was exhibited by Raphael in |Rap06| 
(there are further extensions of |Rap06| to higher dimensions and different nonlinearities in 
[RS09] . IHRlObj . IHRlOaj l 

1.1. Statement of the results. Throughout this document, unless otherwise specified, we 
assume that < s < 1 and s = ^ ^, a := ^^^^-^ , and 3 := 1 — i_ii£zJ., Let 

2 p— 1' 2 ^ ' 4 

UQ{x,t) :=e''^^Q{ax). (1.3) 

Then UQ{x,t) solves the equation (II. ip . provided Q solvecl 

-(3Q + a^ AQ + QP = 0, Q = Q{x), xeR''. (1.4) 

The theory of nonlinear elliptic equations (Berestycki-Lions |BL83al IBL83bj ) shows that 
(11.41) has an infinite number of solutions in H^{W^), but a unique solution of minimal L^- 
norm, which we denote by Q{x). It is positive, radial, exponentially decaying (for example, 
|Tao06l Appendix B]) and is called the ground state solution. 
We introduce the following notation: 

• the renormalized gradient Guit) := -r— — , (1.5) 

P\uY\\u\\^^'^% 

• the renormalized momentum Vlu] := ^ — , (1-6) 

ll^gllL^fRd)!! ^ "gllL^ 



A/f [7/I "'""* F[7/l* 
the renormalized Mass-Energy AiSlu] := -—-, — r- — —7 — q- (for E\u^] > 0). (1.7) 

^^ ^ ^ M[u ]^-'E[u Y ^ ^ '^^ J \ J 



See Section 2] for exact formulatfon and discussfon. 

Here, in the equation (|1.4p and definition of Q, we use the notation from Weinstein |Wei82| . Rescaling 



Q{x) M> /3p-i Q( y §^x ] will solve a the nonlinear elliptic equation —Q + AQ + Q'p = 0. 
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Note that (11 .7^ we only consider E[u] > 0, since for E[u] < the blowup is known (see 
IVPT71] . |Zak72j . |Gla77j . |GM95] ) 

Remark 1.1 (Negative energy). Note that it is possible to have initial data with E[u] < 
and the blowup from the dichotomy in Theorem A Part II (a) below applies. (It follows 
from the standard convexity blow up argument and the work of Glanget as- Merle [GM95J ). 
Therefore, we only consider E[u] > in the rest of the paper. 

The main result of this paper is 

Theorem A. Consider NLSp{R'^) such that < s < I, Uq E H^iR"^), d > I and let u{t) be 
the corresponding solution on its maximal time interval of existence (T^,,T*). Assume 

{M£[u]fs - ^jV[u])^ < I. (1.8) 

[^.(o)]'-(PN)'<i, (1.9) 

then 

- - 

(o-) [Qu{t)\ " ~{T^W\) ' < 1 for all t G M, and thus, the solution is global in time (T* = — oo, 

T* = +oo) and 

(b) u scatters in H^{W'-), i.e., there exists (j)± G H^{W^) such that 

lim \\u{t) - e'^^(t)±\\H^wd) = 0. 

//. // 

[^«(o)]'-(PN)'>i, (1.10) 

then [Guit)]^ - (^M)^ > 1 for all t e {T^,T*) and 

(a) if Uq is radial (for c? > 3 and in d = 2, 3 < p < 5) or uq is of finite variance, i.e., 
\x\uo G L^(R°'), then the solution blows up in finite time ( T* < -|-cxd, T^: > — cxd/ 

(b) If Uq is non-radial and of infinite variance, then either the solution blows up in finite 
time ( T* < +oo, T* > — oo^ or there exists a sequence of times tn — ;■ +c>o (or 
tn -> — oo^ such that ||Vn(t„)||/^2md) — )■ oo. 



We say there is a "weak blowup" occurs if A^£[m] < 1, and u{t) exists globally for all 
positive time (or negative times) and there exists a sequence of times t„ — )■ ±oo such that 
||V'u(t„)||L2 — )• oo. In other words, L^ norm of the gradient diverges along at least one 
infinite time sequence. 

Our arguments follow [DHROSl iHROTl IHR081 IHRTOH ICGll] which considered the focusing 
NLS3(R'^) and NLS5(R^), i.e., the integer powers of the nonlinearity. However for the general 
case we need to consider the fractional powers p as well. To deal with them our innovation 
is to use Besov spaces to treat the local theory, the long term perturbation and the H^ 
scattering (see Propositions, I2.13[ 12.141 and 12. 15p . In particular, the range of the Strichartz 
exponents is adjusted for the rf— dimensional case, as well as the range of admissible pairs 
for the Kato-type estimates. And using interpolation tricks on admissible pairs (p, r) with 
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r < +00 for the Strichartz and Kato-type estimates to avoid the pair(2, 00) which is not 
iiT**— admissible. 

The key argument to obtain scattering^ and "weak blowup" is the concentration compact- 
ness technique together with a rigidity theorem. Note that for 2 < q < j^ the embedding 
H^{M.'^) M- L''(M'^) is not compaclQ; however, a profile decomposition allows to manage this 
lack of compactness and to produce a "critical element" . Then a localization principle proves 
scattering or "weak blowup" , depending on the initial assumptions. 

The structure of this paper is as follows: Section 2 reviews the local theory, the properties 
of the ground state and reduction of the problem with nonzero momentum to the case 
P[u] = via Galilean transformation for the equation f ll.ip . In Section 3 we present the 
outline of concentration compactness machinery and localized virial identity. We include 
the detailed proofs for the linear and nonlinear profile decompositions, these are the key to 
prove scattering and to obtain the "weak blowup" in Section 4. 

1.2. Notation. The space-time norms are 

1 

\u\\qLl{RxR'i) = hlU'Lj •= I / [I \u{x,t)\'"dx ] dt 

with the corresponding changes when either g = 00 or r = 00. 

Consider the Littlewood-Paley projection operators: if </? G C^^^iW^) be such that 

(/9(^) = < „ L- > 9 ■ -^^^ QQ-c^ dyadic number A^ G 2^ and a Schwartz function /, define 

the Littlewood-Paley operators /W(0 := <^(#)/(0, ^^(0 •= (^ - ^(#) )/(0, 

^(0:=Mi)-¥'(|)j/(0- 

For 1 < p, g < 00 and ci > -, the inhomogeneous Besov space /3p ^(M'^) = {^u & S'iW'-) : 
I|w||b-,(K'*) < 00}, where 



1 

9 , .1 



rll/3-,(Rd) 



\P<nu\\lI + Y. (2"'IIA.^||l£)' = \\P<nu\\lv + ( Y, (^II^^^IUs) 
i=i / Afe2z 



1 



When writing this paper, we got aware of the paper [FXCllj proving the scattering for general case 

2(p-l)(p+l) 

using the embedding of {u G H^;M£[u] < 1 and 5„(i) < l}to L4-(d-2)(p-i) ([g, 00), LP+^R'^)) instead of 
the Besov spaces as we do to treat the nonUnearity. Ahhough, the scattering result in both paper is the 
same, we provide a different approach (via Besov spaces). Furthermore, our approach lets us also obtain the 
"weak blowup" result. 

In fact, given any / G H^{M.''-), the sequence /„(x) — f{x — a;„), where the sequence a;„ — > 00 in M"*, is 
uniformly bounded in H^lW^), but has no convergent sequence on L'^. 
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space /3^_^ 


,(M^) = {UE 


S'(M^) : 


Pp,q 


' /3^,,(K'') ■ 


-(E(^" 


1^7vm|l 


:)')'■ 



< oo}, where 



7Ve2Z 

Note that most of the L^, H^, H^, P^ and /3f" norms are defined on M'*, thus, we will 
omit the symbol W^ unless we need a specific space dimension. 

1.3. Acknowlegmets. This project was as a part of doctoral research of the author |Guellj 
and was partially supported by grants from the National Science Foundation (NSF - Grant 
DMS - 080808; PI Roudenko), the Alfred P. Sloan Foundation. The author would like to 
thank Gustavo Ponce for discussions on the subject and Svetlana Roudenko for guidance on 
this topic. 

2. Preliminaries 

In this section, we review the Strichartz estimates (e.g., see Cazenave [Caz03j . Keel-Tao 
|KT98j . Foschi |Fos05] ). fractional calculus tools and local theory; these are the instruments 
to treat the nonlinearity F[u) = \u\^~^u, in particular, when p is fractional. In addition, we 
survey the ground state properties and the reduction to the zero momentum which allows 
us to restate Theorem A into a simpler form. 

2.1. Fractional calculus tools. For Lemmas 12.11 12. 3[ 12.21 assume p,pi G (l,oo), - = 
- + ^-, withi = 1,2,3. 

Lemma 2.1 (Chain rule |KPV93j ). Suppose F e C\C). Let o e (0, 1), then 
Lemma 2.2 (Leibniz rule |KPV93] ). Let a E (0, 1), then 

P'^(/^)IIl^ < (iI/IIl^iII^'^^IIl-. + II^IIl^3||^VIU^4 

Lemma 2.3 (Chain rule for Holder-continuous functions |Vis07j ) . Let F be a Holder- 

conti; 

have 



continuous function of order < p < 1, then for every < a < p, and - < u < 1 we 



P^i^(«)IL.<llkriL..II^^Hl2,.,: 



provided (1 — —)P-^ > 1 



pu' 



2.2. Strichartz type estimates. We say the pair {q,r) is H^ — admissible if 

— I — = s, with 2 < g, r < cxD and (q, r, d) ^ (2, oo, 2); 

g r 2 

and the pair (g,r) is ^ — acceptable if 

l<g,r<oo, -<rf(---), or (g, r) = (oo, 2). 

Q \l r J 
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As usual we denote by g' and r' the Holder conjugates of q and r, respectively (i.e., 
i + ^ = 1). Note that any L^— admissible pair is also a —acceptable, but not vice versa. 



2.2.1. Strichartz estimates. The Strichartz estimates (e.g., see Cazenave |Caz03j . |KT98j . 
Foschi |Fos05j ) are 



JtA 



LlLl 



^ \\(t>\\ rO, 



rA 



f{r)dr 



< 



rl' Tr' 1 



L2 



^i(i-r)A 



f{r)di 



T<t 



r^ /llr'j'rr'; 



(2.i: 



(2.2) 



L'tLl 



where {q,r) is an L^— admissible pair. The retarded estimate (12. 2 p have a wider range 
of admissibility (not only L^— admissible) and holds when the pair (g, r) is |— acceptable 
|Kat94j . 

In order upgrade the estimates (12. ip and (12. 2p to the H^ level, define the Strichartz space 
S{H'^) = S{H^{R^ X /)) as the closure of all test functions under the norm || ■ ||5(£fs) with 



\u\ 



S(H'') 



sup < \\U\\^LI 



SUP< \\U\\LlLr 



{q, r) H^ — admissible with 



{q, r) H^ — admissible with 



SUP< \\U\\LlLr 



{q, r) H^ — admissible with 



l-2s 



< o < oo 



' l-2s 



< r < OO 



if (i>3 



[fd = 2 



if d = 1. 



Here, (a+)' is defined as (a+)' := ^+^^ , so that ^ = -r^ + ^ for any positive real value a, 

with a^ being a fixed number slightly larger than a. Likewise, a~ is a fixed number slightly 
smaller than a. 

Remark 2.4. Note that ^^ < {-^Y < ^, if c/ > 3. Additionally, when d = 2 and s ^ \, 

the quantity r = -^j^ might be very large, but -^^ < {{jz^) ) • 

Similarly, define the dual Strichartz space S'{H~^) = S'{H^'^{R'^ x /)) as the closure of all 
test functions under the norm || ■ ||5/(j^-s) with 



ls"(if-») 



inf < llnl 



L! is' 



{q, r) H '^ — admissible with 



inf ■ 



li Lo' 



LfLj' 



(g, r) H '^ — admissible with 



+\' 



{^r <^<{W . {^v <r<{{^r) 



inf ■ 



Il^'ls' 



(g, r) H '^ — admissible with 



T^<'?<Q)^fe) 



< r < oo 



if d> 3 



ifd = 2 



if d=l. 
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Remark 2.5. Note that S{L'^) = S{H^) and ^'(L^) = S'{H'^). In this dissertation, if (g, r) 
is H~^ admissible we say a pair {q',r') is LF'—dual admissible. 

Under the above definitions, the Strichartz estimates (12.11) become 



|e^*^0|U(L^) < cU\W 



and 



3J(i-s)A 



<t 



Si>)i' ^^^,.^<4S 



|5'(L2) 



(2.3) 



and in this paper, we refer to them as the (standard) Strichartz estimates. 

nr 

Combining (Q with the Sobolev embedding W^^'^iW^) ^ Lr"'' iW^) for s < ^ and 
interpolating yields the Sobolev Strichartz estimates 



JtA. 



\S{H^) 



<C 



H^ 



and 



J{t-s)A 



f{s)ds 



SiH") 



<c\\D'f\\s'iL^), (2.4) 



and in similar fashion (12. 2p leads to the Kato 's Strichartz estimate |Kat87l IFosOSj 



^i{t-s)A 



f{s)ds 



S{H^) 



<C 



S'{H~^)- 



(2.5) 



Kato's Strichartz estimate along with the Sobolev embedding imply the inhomogeneous 
estimate (second estimate in (12. 4p but not vice versa) and it is the key estimate in the long 
term perturbation argument (Proposition 12. 14|) . 

2.2.2. Besov Strichartz estimates. We address the question of non-integer nonlinearities for 
the NLSp(R"'). The following remark is due 

Remark 2.6. The complex derivative of the nonlinearity F(u) = \u\'''~^u is Fz{z) = ^^\z\^^^ 
and Fz{z) = ^^\z\^~^j. They are Holder-continuous functions of order p, and for any 
u,v E C, we have 



F{u) - F{v) 



thus, 



F^{v + t{u - v)){u -v) + Fj(f + t{u - v)){u - v) 



\F{u) - F{v)\ <\u-v\ {\u\P-^ + \v\P-^). 



dt. 



(2.6) 



(2.7) 



Hence, the nonlinearity F{u) satisfies 

(a) F e C^{C), if 2 < rf < 5, or rf = 5 when | < s < 1, 

(b) F G ^^(C), a d>Q, or d = 5 when < s < i. 

When estimating the fractional derivatives of ( 12. 6p . in the case (b), there is a lack of 
smoothness. This issue is resolved by using the Besov spaces. 
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Define the Besov Strichartz space P'^frrs) = PZ(Trs\{^'^^^) ^^ the closure of all test functions 



under the semi-norm 



1/3 



with 



SiH") 



M^^ 



SiH") 



sup < ||u||^q^„ 



sup ||n||^,^ 



{q,r) H^ — admissible with 



if d>3 



d~2s 



d~2/ 



{q, r) H^ — admissible with I 

2 A+ ^ „ ^ _ 2 ^ ^^ (( 2_^+y ) if d = 2. 



:T^)+<g<oo, ^<r<((^ 



sup ||n||^,^„ 



(g, r) — K^ admissible with 
< Q < oo, T — o- < r < oo 



l-2s 



"i l-2s 



if d = 1. 



Similary, define the dual Besov Strichartz space /^Zurr-s) = f^s'(H-'^)^^'^ ^ "^^ ^^ ^^^ closure 
of all test functions under the semi-norm 11 ■ \\aa with 



u 






inf < \\u\ 



Ll Ki ■ 



{q, r) H ^ — admissible with 1 



inf < Hull ,„/ 



L't K, 



r 2 y 



(q, r) H ^ — admissible with 



<a< i 



1\- / 2 



2 \+V 



Ai^sr<r<{{j^r) 



inf < ||ii| 



L't k, 



(q, r) H ^ — admissible with 



2 <a<^'^- 



l+2s 



si ' \l-s) 



< r < OO 



if d = 2 



if d = 1. 



Lemma 2.7. If u & BZ,rr n a'^-'^ cr > 0, s G M, i/ien 

ll^""L(H«) ~ 11^11/3 
Proof. Let (g, r) be if '^—admissible pair, then 



S(iirs) 



|fl"HL;.: ^ 



^ |P„B"u| 



1 
|2\ 2 



Afg2Z 



i?iS 



^ IKE 11^^^^ 

N&2^ 



U\ 



J2 N'"'\\Pi 



2 ^ 2 

JVM||j^r 



< 



Afe2z 






90CT 



Taking sup over all {q,r) iJ^— admissible pairs, yields the claim. D 

Lemma 2.8 (Embedding). For any compact time interval I, assume < a < p, 1 < 
r,r^,q < oo. Then 

(2.8) 



\D-uU.,r < \\D^u\\,.^,r 



where r^ = j^^^:^ and q, = q,,. 
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Proof. The Sobolev embedding WS'''' {M.'^) ^ W^'''{R'^) yields the inequahty (EJ]). □ 

Remark 2.9. If q',r' and r' are the Holder's conjugates of r,q and r^, respectively, then we 
have 

Lemma 2.10 (Linear Besov-Strichartz). Let u G $s(i2\ be a solution to the forced Schrodinger 
equation 

M 

%ut + Am = ^ F^ (2.9) 

for some functions Fi, . . . , Fm and a = or a = s. Then onM.'^ x I we have 

M 



U\\s- . < holliJ-. + Vlli^mlU.., ■ (2.10) 



S(iJs) ^ — ^ '^S'(l2) 

Lemma 2.11 (Inhomogeneous Besov Strichartz estimate). If F E /3^^^_^,, then 



f ^(^-r)^F{T)dT . <||F||^. . . (2.1i; 



Proofs of Lemma 12.101 and 12.111 can be found in | Tao06] . 

Lemma 2.12 (Interpolation inequalities for Besov spaces |Tri78] ) . Let 1 < Pi,qi < oo and 
u e /3;^",,^(M'^), where z = 1, 2, 3. Then 



III lllll f) llll^ 



'provided that 



i. n^ n 11-66 ^ 11-66 

(Ji = (1 - 6)(j2 + yo-3, — = \ and — = \ . 

Pi P2 Ps Qi ?2 Qa 

2.3. Local Theory. In this subsection the global existence and scattering in if^(R°') for 
small data in H'^ (Propositions [TT^ and \TT5h . and a long perturbation argument (Proposi- 
tion I2.14P are examined. The proofs rely on Besov spaces which allow us to treat the lack 
of smoothness of the nonlinearity F{u) = \u\^~^u (see Remark 12.61) . 

Although it may appear that the small data theory (Proposition 12 . 13"|) is by now a straight 
forward argument, we write out its proof carefully to show how we deal with the non-integer 
nonlinearities. For the same reason we include full proofs of the long-term perturbation 
(Proposition I2.l4|) and the H^ scattering (Proposition 12. 15]1 . 

Proposition 2.13 (Small data). Suppose \\uo\\f^s < A. There exists Sgd = ^sd(^) > such 
that if lle^'^MollflO < 5sd, then u(t) solving the NLSpiW'-) is global in H^iW^) and 



S(H^) 



Mao . < 2||e**^Mo|Uo . , II^IU. , <2c\\uo\\jj.. 
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Proof. Using a fixed point argument in a ball B, the existence of solutions to (11. ip and 
continuous dependence on the initial data is proven as follows. 
Let 

B=\\\u\\0o, < 2||e'*^Mo|Lo , ||m|L, <2c||mo|Ih4- 
Assume F{u) = \u\^^^u and the map u i— t- $„„(«) defined via 



Jo 



Combining the triangle inequality and the Linear Besov Strichartz estimates fl2.10p and the 
fact that F{u) & C^, we obtain 

\\^uo{u)\\f,o . < ||e^*'^«o||;,o . +\\Fiu)\\^ 
\\^uoiu)\\^s < holl^. +\\Fiu)\\^s . 

^S(L^) ^S(l2) ^S'(l2) 

For each dyadic number N G 2^, the fractional chain rule (Lemma 12. ip and Holder's 
inequality lead to 

\\D^Fiu)y^L^^<\\D^{\ur'u)\\ ..2,,.,, 

r^ r d^{p-l) + 16 



^ II IIP^l II 7~is II ^ II IIP^l II ns II 

r^ \\ II , d^p(p-l) II II dp .f P ^^ II Il5(i/s)ll ll^V-t^ ;' 



thus, Littlewood-Paley theory yields 



Therefore, 

\\^u,iu)\\^s <\\uo\\^s +\\uf-,^ \\u\\^s 

^S(L^) ^S(L^) '^S(H-») S(l2) 

and if l|e'*'^«o||/30^^^j < f^i with Si = min| ^^^_l^^_^ , "-^f^^^^j leads to $«o(w) ^ 5. 

To complete the proof, we need to show that the map u i— ?■ $uo(u) is a contraction. Take 
u,v G B, and note that the triangle inequality and Besov Strichartz estimates yield 



\^uo{u)-^uo{v)\\^o . < 



f e^^'-^^[F{u{r))-F{v{T)))dT\\ 

Jo ^S(H^) 

<\\D^{F{u)-F{v))\\^o^ ^ ^\\F{u)-F{v)\\^s^ 



S'(l2) ^S'(L^) 
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and 



\^uo{u)-^uo{v)\\0s ^\\D'{^uo{u)-^uo{v))\\0o 









For each dyadic number A^ G 2^, we estimate \\D^{F{u) — F(t>)) 115/(^2). Recall that we 
are considering the mass-supercritical energy-sub critical NLS, i.e., < s < 1 and p = 
1 -|- ^^^. Due to the lack of smoothness of the nonlinearity (Remark 12. 6p . we consider two 
(complementary) cases: 

(a) The function F{u) is at least in ^^(C). 

(b) The nonlinearity F{u) is at most in C^(C). 

In the rest of the proof we examine these cases separately. After the proof we refer to the 
specific examples to illustrate our approach. 

Case (a). F{u) is at least in C^(C): this case occurs when 1 < d < A + 2s, i.e., dimensions 
2, 3, and 4 for < s < 1, or dimension 5 when ^ < s < 1. Combining (12. 7p . chain rule 
(Lemma 12.11) and Holder's inequality, gives 



\D^{F{u)-F{v))y^L^) < \\D^{\ur'u-\vr'v)\\ ^ 



2d2(p_i) 

^ II ns| III Ml IIP— 1 I II IIP— 1 \ 

5- I iJ m — f 2d2i, P^ Ml i> + K" Ml l^ 

~ " ' '"dp A I V dp d^PCP-^) dp d^P(p-l) J 

^JSj^d^p-Ss \ J§ 2(d+4) r^r 2(d+4) ^ 

<:^ II r^s\ III / II IIP— 1 I II iip— 1 A 

<\\D |n-t;||U(L2)(||«||J(^.) + ||t^||J(^.J. 

Here, we used the Holder split 

2d\p-l) d'p-8s 2(^ + 4) 

d2(p - 1) + 16 2rf2p ^ ^^ U^p{p - 1) ^ ^ ^ 

together with the fact that the pair f ^, ^2( -^V+i6 ) is -^^— dual admissible, the pair f ^f ; ^2 _^g 
is L^— admissible and the pair ( ^f, ^?^^~-. •* j is H'^— admissible. 

Therefore, ||F(«)-F(t;)||^ <||«-t;||^ (ll^r.;^ +||t;r;^ ). If ||e^*^Wo||;30 . < ^2 

with (^2 = min < ^~\ r^i 2pap-2C i i^pli^s that $uq is a contraction. 

Case (6). F{u) is at most in C^(C): this corresponds to dimensions higher than 4 + 2s, 
i.e., d = 5 with 0<s<|or(i>6 with < s < 1. Let w = u — v, therefore (12. 6p and the 
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triangle inequality imply 



\D'{F{u) - F{v)) |U,(^2) < \\D%\ur'u - \vr'v) 



2d2(p-l) 



— d^(p-l) + 16 



' 2? 



<\\D'F,{v + w)w\\ 2d2(p-i) +\\D'F,{v + w)w\\ 2^2(^-1) ■ (2.14) 

To estimate f l2.14p . we consider the subcases (i) s < p — 1 and (ii) s > p — 1. 
(i) If dimensions 4 + 2s < d < ^"'"^^ , then s < p — 1 < 1, thus, 

||L'"F^(u)w|| 2d2(p-i) < \\D^^^ F,{u)w\\ 4d2(p-i) (2.15) 

r2? r d2(p-l) + 16 r^ f (d+4){d-dp+8) + d2p(p_l) 

<||L)^^^F^(m)|| ^, 8d2p ^ ^ Ikll d2p(p_i) (2.16) 

r 2s(p-l) r (p-l)^{{d2-3ds+2s2)(d+4)+8s2) ^ ^ ;- 2(d+4) 

d(^_L2 _^__^ I 2d+s2(p-l)2 

S\u\\^ ,2, .AlD'uW'^ ,^2 \\D'w\\ 2d2p (2.18) 

~ll II dp *fp(p-12 II II 2d2p II II dp J" P ^ ^ 

r^r 2(d+4) ^ S^^T^J ^^ j^d^p-Ss 



+ Mr' d^u-.^ \\DM\ d -^ (2-19) 



d{p-l) d^jd-l) II II d -2- 

fT^L2id-s) LfLf- 



<\\D'w\\siL^)[\\u\\ll^^^\\D'u\\ll,^ + ||w||^.)^ 

where, Remark ED yields (|2.15p, since ^d+i)(d^dp+8)+d''p(p-i) ^^^ J{p-i)+w ^^^ Holder con- 
jugates and ^^^~ ' < s. Leibniz rule gives (I2.16P and (I2.17p . Then applying chain rule for 
Holder-continuous functions (Lemma 12. 3p with p := p — 1, a := '^^^~ ' and u := s to (I2.16p . 



we obtain fl2A8|l . Noticing that Lf^"' ^ Ll"^" ^^"'^ , Lemma [2l] implies f l219|) . The last 
line comes from the fact that the pairs f 275 -lid+i) ) ' ( s ' 2(d-s) ) ^^^ if '^—admissible, 

and the pairs ( 275 J -ss I'll' d^-is ) ^^^ L^— admissible. In a similar fashion, we obtain the 
estimate for the conjugate 

, , .. . <\\D'M\s(mi\\u\ 

Thus, Littlewood-Paley theory implies that 



\D'F,{v + w)w\\ ^ ^2d2(p-.)^ < \\D'w\\s(mi\\u\\^:^^^^^^\\D'u\\,^,,, + ||^||^.)). 



\Fiu)-Fiv)\\^s <2\\u-v\\^s (\\uU \\u\Q' +lkliy 

'^S'(l2) Ps(l2) V Ps(Hs^ Ps(l2) Ps{Hs) 



and letting ^3 < ^/ ^^ — r^r gives that $^j„ is a contraction. 

V 2(P+2)CAT- 

(ii) If the dimensions d > i±2«_^ then p—1 < s. Therefore, we make an estimate for 
\\D'^Fz{u)w\\ 2d2(p-i) , as follows 



-4 r^p-i)+i6 
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\D''F,{u)w\\ 2.2(,.i) < ||D(p-i)'f,(m)w7|| 2(.+4h^(p-i)3 (2.20) 

<||D(^-i)V,H|| ^^ ,2, \\w\\ ^^ .2,(,_„ (2.21) 

f 2s(p-l) f 2(d+4) + dp(p-l)^ r^r 2(d+4) 

+ lkir"' .2, ,, p(^"')'it;|| ,,2 (2.22) 

" II £(i^ f^^ll ll^|^ d^+2d(p-l)^-2.(d+2) ^ ^ 

(p-l)(l + s-p) (p-1)^ 

<||m|| :,2 , rA\D'u\\ ' ,,2 \\D'w\\ 2d2p (2.23) 



,:jj, 2(d+4) ^ d^p-ss LT^hf^'- 

IP-I 



+ \\uf~ ,2, ,, \\D'w\\ 2d2 (2.24) 

'I II d(p-l) d2(p^l) II II d -#4- ^ ' 

, (p-l)(l + s-p) (p-1)^ _ 

as before in (i), Remark 12.91 yields fl2.20p . since ^ ~^d'H-i)' ^^^ dfii -^7+i6 ^^^ Holder 
conjugates and {p — 1) < s. Leibniz rule gives f l2.2ip and (12. 22 p . To obtain ( I2.23p . we 
use the chain rule for Holder-continuous functions (Lemma 12. Sp with p := (p — 1)^ and 
u := s in fl2.2ip . The line f l2.24p follows from Lemma 12.81 and finally, since the pairs 

{t'^^y (^^^) -e if^-admissible, and the pairs {tJf^)^{i& 
are L^— admissible, we obtain the last estimate. Similarly, 

\\D'F,iv + w)w\\ 2d2(p-i) <\\D'w\\s(mi\\u\\^.' " ll^'^ll^ + ll^irjL)- 



^ J d^(p-l) + 16 



L?- L. 



Therefore, Littlewood-Paley theory produces 

(p-l)(l + s-p) 



\F{u)-F{v)\\^. <2\\u-v\\^s i\\u\\, ^ \\uh/ +11^11^- 



lp-1 



S(HS) S(l2) ''^S{H=) 



and taking ^4 < (p i)(i+^ p) / "^ ~r~i)^ implies that $„p is a contraction. 



(p-l)2 

2(P+i)CA^ 



From cases (a) and (b) choosing 6sd < min {61,62,63,64^ implies that the map u 1— t- $«(,(«) 
is a contraction which concludes the proof. D 

To better understand the difference for the above cases (a), (b)(i) and (b)(ii), we re- 
fer to the reader to [Guellt Examples 2.14, 2.15 and 2.16] were we give examples of 

ii/'2— criticalNLSifR^), NLSs (R^) and NLS13 (M-*^") and demonstrate how the estimates work. 

3 3 9 

Proposition 2.14 (Long term perturbation). For each A > 0, there exist eo = eo(^) > 
and c = c{A) > such that the following holds. Let u = u{x,t) E H^{W^) solve NLSp(M.^). 
Let V = v{x, t) G H^(R'^) for all t and satisfy e = ivt + Av + |t'|^^-'^t'. 
//'ll'i^lUo < ^, ||e|Lo < ^0 0''n'd\\e'-^^~^°^^{u{to)—v{to))\\r,Q < eo, ^/^en ||m|Lo < c. 
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Proof. Let F{u) = \u\p~^u, w = u — v, and W{v,w) = F{u) — F{y) = F{y + w) — F{y). 
Therefore, w solves the equation 

iwt + Aw + W{v, w) + e = 0. 

Since llflLo < A, spht the interval [to, oo) into K = Ka intervals /,• = ft,-,t,+il such 

that for each J, ||f |Uo < 5 with 6 to be chosen later. Recall that the integral equation 

of w at time tj is given by 



w{t) = e'(*-*^)^«;(tj) + z / e*(*-^)^(Vr + e)(r)rfr. (2.25) 



Applying Kato Besov Strichartz estimate (12. lip on (I2.25P for each Ij, we obtain 

\H\,o . < We'^'-'^^^m^o . + II fe^^'--^^iW + e)iT)dT\\^o . 

< ||e*(*-*^)^t^(t,)||^o . +c||iy(t;,u;)||^o^ . +c||e||^o, 

< ||e*(*-*^)^w(t,)IU(H^/,) + c||W^(t^,ti^)ll^o, . +ceo. 
Thus, for each dyadic number A^ G 2^, the following estimate holds 



(8+3d-6s)(l-3) J 3(d2+2s^)+9d(l-s)-2(53+4) 



3 



<-' II II Ml IIP^l I II IIP~1 \ /o r\r\ 

< ||W|| 4 2<L_ ||f ir 6 6d + Ikir fi 6d ) (2.26) 

LJ^^L,''-'*-! V ^l-.^3d-4.-2 ^i_,^3d-4.-2 

^ ll^ll5(HM,)(ll^ll5(Hs,7^.) + ll^ll^Ci/^/,) 

where we first observed that the pairs (yz^; zd-ts-2 ^^ ^T^' d-^s'li ) ^^^ iJ"*— admissible; the pair 
( (8+3lfo)(L.) > 3(d^+2.2)+Ma!'i)-2(5.+4) ) is i^"-^- admissible. Thus, we used (I22D and H51der's 
inequality to obtain (I2.26p . Since ||f lUo < 5 for each dyadic interval, there exists 

6n = S{N), so we obtain (12.270 . Therefore, 

||F(.; + «;)-F(^;)||,o, . < |k||,o , (||t;r,-^ + Wwlf^' ) 



<\\who 6^-' + 



rp-1 



Choosing 5 = Y.Ne2^^N < min|l,^| and ||e*(*"*^)'^w(tj)||^o ^^ ^ +Cieo <min|l,^^|, 
we have 

IklUo <2||e^(*^*^)^w(t,-)|lso +2cieo. 
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Taking t = tj+i, applying e^^^'^J+i^^ to both sides of (I2.25p and repeating the Kato estimates 
(I2.5P , we obtain 

Iterating this process until j = 0, we obtain 

||g.(t-*,+,)A^(t )|| < 2.||e^(*-*o)A^(^^)|| + (2^- - l)2ci6o < 2^-+2ci6o. 

These estimates must hold for all intervals Ij for < j < -ft' — 1, therefore, 

2^+2 < min |l, — ^=\, 

which determines how small eo has to be taken in terms of K (as well as, in terms of A). D 

An illustration of specific cases (the nonlinearity F{u) is (a) at least in C^(C) and (b) at 
most in C^(C)) of the estimate \\W{v,w)\\g,/fj-sj.\ is given in |Guelll Examples 2.18, 2.19 
and 2.20 1. 



Proposition 2.15 {H^ scattering). Assume uq G H^{M.'^). Let u{t) he a global solution to 



NLSpiW^) with the initial condition Uq, globally finite H'^ Besov Strichartz norm \\u\\ao < 



+00 and uniformly bounded H^{M.'^) norm sup^gro+oo) ||M(t)||jifi < B. Then there exists 
0+ e H^{M.'^) such that (11.21) holds, i.e., u{t) scatters in H^(R'^) as t -^ +00. Similar 
statement holds for negative time. 

Proof. Suppose u{t) solves NLSp(R'^) with the initial datum uq, and satisfies the integral 
equation 

u{t) = e''^Uo + IIJ [ e'(*-")^ {\u\p-\{t)) dr. (2.28) 




The assumption \\u\\go < +C)0 implies that for each dyadic N E 2^ there exists M = 

WW d d^p(p-i) < C)0 and let M ~ M27. Decompose [0, +00) = ufL^Ij, such that for each j, 

T^j 2{d+4) 

\u\\ ^ d2p(p_i) < 6. Hence, the triangle inequality and Strichartz estimates yield 

j-^j- 2(d+4) 

^T. ^X 

3 

\\As(L^) ^ l|e'*^Mo||5(L2) + ||^(m)IU'(l2), 

I|Vm||5(l2) < ||e'*^VMo|U(L2) + \\VF{u)\\s'(^L^). 
Therefore, the integral equation (I2.28P on Ij, combined with the above inequalities, leads 



to 



\Vu\\si^L'^,i^)<B+\\\u\^-^Vu\\ <B+\\\u\^-^Vu\\ ..2(,_,) (2.29) 

^j. ^x 

<B+ \\uF'^ ,2 , ,J|Vm|| 2,2, (2.30) 

^^ -2Td+4r lJ^lF^^ 

<B + 6P-'\\Vu\\siL^;i^). (2.31) 
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The pairs {£,^^^0^) and {i,J^) are L^-admissible and the pair {£, J^^%% ) is 
L^— dual admissible; we obtain fl2.30p applying Holder's inequality to fl2.29p . Similarly, by 
dropping the gradient, it follows 

MsiL^;I,)<B + 6P-'\\u\\siL^.J^). (2.32) 

Combining fl2.3ip and f l2.32p and using the fact that 6 can be chosen appropiately small, 
gives that ||(1 + |V|)m||5(j;^2./.-) < 2B. Summing over the M intervals, leads to 

||(1 + |V|)m||5(l2)<5M^ 
Define the wave operator 



np 



')+ = uo + i 



-irA 



F{u{T))dT, 



note that 0+ G H^, thus, Strichartz estimates and the hypothesis lead to 

110+11^1 < ||%||h1 + |||Mr"^Vu||, 2-, < ||%||h1 + lll^r^VMll 2d2(p-l) 



^11 II I II M'P—l llx~7 II 

^j II Ull-n II II d^p(p-l) II II dp 

r^T 2(d+4) — 



p(d+2s) — 2a 
2d2p < 5 + 5M 2. . 



Additionally, 



M(t) - e^*^0+ = -W e^(*-")'^F(M(r))rfr. 



(2.33) 



(2.34) 



Therefore, estimating the L^ norm of (I2.34p . Strichartz estimates and Holder's inequality 
give 



|w(t)-e^*^0+|U2 



< 



At-r)A 



F{u{T))dT 



S{L2) 



< 



l^(^M)L'(L-[,+oo)^l|l^^r'V^II . -^(i-^' (2-35) 



^Ir d^(p-l) + 16 



L^'L 



and simillary, estimating the H^ norm of (I2.34p . we obtain 



V(n(t) - e'*^0+)|U2 < / e^(*-)'^F(n(r))rfr 



S(L2) 






5'(L2;[f,+oo)) 



M| 2d2(p._i) . 



Using the Leibniz rule (Lemma 12. 2p to estimate (I2.35P and (I2.36p . yields 



\u\P-Wu\ 



< ii7/,r-i 



2d2(p-l) ^ ll^ir ^ d2p(p_i) II V-»|| ^ _2d2j. 



IVmI 



7-25 r d2"(p-.l) + 16 

iVul 



r^ r 2(d+4) 



7- ^ r d-^p-gs 



By (I233D the term \\uf^^^ d2^p-i) II v'«|| ^„ ^d^p 



(2.36) 



T^ r 2(d+4) 



dp — 

r ■23' J d^p-8s 



is bounded. Then as t — )■ oo the term 



|m|| ^ d2p(p-i) — !■ 0, thus, summing over all dyadic A^, (II. 2p is obtained. 

r^ 7 2(d+4) 



D 
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2.4. Properties of the Ground State. Weinstein |Wei82] proved the Gaghardo-Nierberg 
inequahty 



d(p-l) 2 (''-2)(P-1) 



||«|li;+i < Cg7v||Vm||^2^ \\u\\^, ' (2.37) 

with the sharp constant 



^"^ = noK^' "•''' 



p 

where Q is as in (11. 4p . 

This inequahty (EjT]) is optimized by Q, i.e., ||Q||^+ii = ^||VQ||2?^||Q||^;'^^. 
Muhiplying dH by g and integrating, gives WQWlH, = a'^WVQWl^ + P\\Q\\l2, thus, 
Pohozhaev identities yield ||VQ|U2 = \\Q\\l2, and, || Q\\l+l = ^WQWl^. 
In addition, 

hjh = c^-'WQWl^, l|V«J|i.=a2-1|VQ||i., and IK^ = a-'^WQd, (2.39) 

therefore, the scale invariant quantity becomes 

IKIIiri|V«Jll2 = a-^||QIU2, (2.40) 

and the mass-energy scale invariant quantity is 

M[u,r^E[uJ = («-1lQlliO'"^(^l|VQIIi.-^IIQIIi:ii)' (2.41) 



a f {p — l)s 



WQWh (2-42) 



2' 

L^ iiVnJIl.)', (2.43) 



s 

■5 \ /ii Ill—on,-^ II o \ 2 



d 



in ■'!-' 



since the energy definition yields (12.411) . Pohozhaev identities (I2.39P and (12.401) imply (I2.42p 
and (12331). 
Notice that 

M[ur^E[uY = (ikiii.)^-^Qiivn|ii.--i^iinr^+i,y 

> (lklli^1lv.||i.)^Q-^(lki|-1|v.||iO^-y 

1 / / Il7/ll^"'^ll\77/ll* \P-i 



^ V V II"qIIl2 II VUgll^a 



therefore, 



- [^„(t)]^ ( 1 - l^!ii^ ) < (MS[u])^ < - [Quit)]^ . (2.44) 



|„„,„i(i_M|!::),(^,,„i,| 

Summarizing, the upper bound in (I2.44p is obtained by bounding the energy E[u] above 
by the kinetic energy part, and the lower bound is achieved using the definition of energy 
and the sharp Gagliardo-Nirenberg inequality (I2.37P to bound the potential term. 
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2.5. Properties of the Momentum. Let m be a solution of NLSp(M'^) and assume that 
P[u] 7^ 0. Let ^0 £ ^'^ to be chosen later and w be the Galilean transformation of u 

w{x,t) = e'"-««e-'*l««l'M(x - 2^ot,t). 

Then 

Vw{x, t) = i^o ■ e"-«Oe-'*l«ol'M(x - 2^0^, t) + e'"-««e-'*l««l' Vm(x - 2^0^, t), 

therefore, 

\\Vw\\l, = \^o\'M[u] + 2^0 ■ P[u] + \\Vu\\l,. (2.45) 

Observe that M[w] = M[u], P[w] = ^oM[u] + P[u], and 

E[w] = l\U'M[u] + ^0 ■ P[u] + E[u]. (2.46) 

Note that the value i^o = ~mm minimizes the expressions (12.451) and (I2.46p . with P[w] = 0, 
that is, 

^M-^M-l|!f -d iiv..|ii, Hiv.iii, - <g;f . 

Thus, the conditions (II. Sp . (II. 9p and (ll.lOp in Theorem A become 

2 

and [^^(0)]^ > 1, hence we restate Theorem A as 

Theorem A* (Zero momentum). Let Uq G H^(M.'^), d > 1, with P[uq] and u{t) be the 
corresponding solution to (II. ip in H^{R'^) with maximal time interval of existence (T^,T*) 
and s G (0, 1). Assume J^S[u] < 1. 

I. IfGuiO) < 1, then 

(a) Qu{t) < 1 for allt G M, thus, the solution is global in time (T^, = — oo, T* = +ooj 
and 

(b) u scatters in H^{W^), this means, there exists (j)± G H^{R'^) such that 

lim \\u{t) - e'*'^0±||j^i(Rd) = 0. 

//. IfGuiO) > 1, then Guit) > 1 for all t G {T^,T*) and if 

(a) Uq is radial (for rf > 3 and in d = 2, 3 < p < 5) or uq is of finite variance, i.e., 
\x\uq G L'^iM.'^), then the solution blows up infinite time (T* < +oo, T^: > — ooj. 

(b) Uq non-radial and of infinite variance, then either the solution blows up in finite 
time ( T* < +oo, T* > — ooj or there exists a sequence of times in — > +oo (or 
tn — !• — oo^ such that ||VM(t„)||i2md-) — )■ oo. 



Thus, in the rest of the paper, we will assume that P[u] = and prove only Theorem A*. 
To illustrate the scenarios for global behavior of solutions given by Theorem A* we provide 

^^ 1 2 

Figure [H We plot y = {AiS[u])~ vs. x = [^^(t)]" using the (I2.44p restriction in Figure 1. 
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X=\Qu{t)} 



1 2 

Figure 1. Plot of plot y = {MS[u])~ vs. x = [^„(t)]^ where Qu{t) and 
A^£^[u] are defined by (11.51) and fll.7p . respectively. The region above the line 
ABC and below the curve ADF are forbidden regions by fl2.44p . Global exis- 
tence of solutions and scattering holds in the region ABD, which corresponds 
to Theorem A* part I and the region EDF explains Theorem A* part II (a), 
and the "weak blowup" Theorem A part II (b). 



2.6. Energy bounds and Existence of the Wave Operator. 

Lemma 2.16 (Comparison of Energy and Gradient). Let uq G H^( 
and M.£[u\ < 1. Then 



-\\Vu 
a 



l.<E[u]<-\\Vu{t)\\l^- 



such that ^n(O) < 1 
(2.47) 



Proof. The energy definition combined with ^(0) < 1 (and thus, by Theorem A* part I (a) 
Quit) < 1), the Gagliardo-Nirenberg inequality (I2.37P and Pohozhaev identities (I2.39P and 
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(I2:in|l yield 

E[u] > ||V^t)||i.(^---^||Vn(t)||^,^ '\\u\\l 



2 



^ IIV7 U\\\2 I ^ ^GN (u^ us II ||(l-s)\P ^ 



|v.(t)|ii.Q-^«-||gir 

^^)l|VMt)||i. = ^||Vn(t)||i„ (2.48) 

where the equahty ( 12.48^ is obtained from combining ( 12.40p . the sharp constant ( 12.38P and 

a = ^^—2 • The second inequahty of (I2.47P follows directly from the definition of energy. 

D 

Lemma 2.17 (Lower bound on the convexity of the variance). Let uq G H^lW^) satisfy 
^„(0) < 1 and MS[u] < 1. Then Quit) < u := ^/MS[u] for all t, and 

16(1 - ujP-^)E[u] < 8(1 - uP-^)\\Vu\\l2 < 8\\Vu\\l2 - Mp - 1) ||^||p+i^_ ^2.49) 

Proof. The first inequality in (I2.47p yields ||Vm|||2 < -E[u\, multiplying it by M^[m], where 
6 = i^, normalizing by ||Vuq||^2||mq||^^ and using the fact that ||VMg||^2 < ^E[uq] leads 
to 

[Gu{t)r < MS[u], i.e, gu{t)<uj. 

Next, considering the right side of (I2.49p . applying Gagliardo-Nirenberg inequality (I2.37p . 

then the relation O2.40p and recalling that a = ^^— g — , we obtain 



ujP-'] 



SllV„l|2 4d(p-l) „^„p+i ^ ||V7„||2 fa 2d(p - 1) .,^.p-l^ ^o||V7„||2 (. 

^ VM ^2 — M ip+1 > VM ^2 8 t/«(t)f > 8 VM ^2(1 

p + 1 \ q;^ J 

(2.50) 

which gives the middle inequality in (12. 49 p . 

Finally, combining (I2.50p with the second inequality in (I2.47p . completes the proof. D 

Proposition 2.18 (Existence of Wave Operators). Let -ip E H^(M.'^). 

L Then there exists w+ G H^ such that for some — oo < T* < +oo it produces a solution 
v{t) to NLSplW^) on time interval [T*,oo) such that 

\\v{t) - e'^^tpWrn ^ as t ^ +oo (2.51) 

Similarly, there exists f_ G H^ such that for some — cxd < T* < +oo it produces a 
solution v{t) to NLSpiM.'^) on time interval (— oo,T^,] such that 

\\v{-t)-e-'^^'ip\\Hi ^0 as t^+oo (2.52) 
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S 

II. Suppose that for some < a < (^)^ <1 

S"^^l|V^|ir. < a' (^^^^ M[u^Y~^E[uJ . (2.53) 

Then there exists Vq G H^ such that v{t) solving NLSp{M.'^) with initial data Vq is global 
in H^ with 

M[v] = \mh, ^H = ^l|V^||i., a(t)<a<l (2.54) 

and \\v{t) - e'^^^Wm ^0 as t ^ oo. (2.55) 

Moreover, if lle''^^ Mm < 6sd, then \\vo\\rrs < 2||^||/ra and \\v\\rrs < 2\\e'-^^ip\\M 

Proof. I. This is essentially Theorem 2 part (a) of |Str81aj adapted to the case < s < 1 
(see his Remark (36) and |Str81bt Theorem 17]). 
II. For this part, we consider the integral equation 



oo 



v{t) = e'*^V - ^ / e'^'^'"^^{\v\''-\)dt'. (2.56) 



We want to find a solution to (I2.56P which exists for all t. Note that for T > from the small 
data theory (Proposition 12. 131) there exists 5sd > such that ||e**'^'?/'|Uo < 5sd- Thus, 

repeating the argument of Proposition I2.13[ we first show that we can solve the equation 
02.56P in H^ for t > T with T large. So this solution will estimate ||Vf 115(^^2. jtoo))) which 
will also show that v is in H^. 
Observe that for any v G H^ 

T^ r d^{p-l) + 16 

^ W^K .^^iHi^ 11^-11 .. ^^ ^ ll-ir,^.)l|Vt^||5(L^). (2.57) 

Note that the pairs {£ ^|^) and {£ ^) are L^- admissible and the pair {£ J0^) 

is L^— dual admissible. Thus, the Holder's inequality yields (I2.57p . Now, the Strichartz (12. 3 p 
and Kato Strichartz (12. 5p estimates imply 

||Vt;||5([T,oo),L2) < Ci||V7/^||s([T,oo),L2) + c\\V {\v\^v)\\s'{[T,oo),L2) 

Taking T large enough, so that csH^ ||5.(-rj.o^-)^ ^^-j < |, we obtain 

||Vv||5([T,oo),L2) <2Ci||^||/^i. 

It now follows 

||V(t;-e^*^^)||5([T,oo),L2) < ||V(|t;r-Mll5'([T,oo),L2) 

< \\^v\\si[T,oo),L^)\\vVs{[T,oo),Hs) <c||^||h1, 
5(L2([T,c^))) 



hence, ||V(t; - e'^^ihMlstL^nT.r^))) -> as T -^ oo 
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On the other hand, Proposition 12. 151 (iJ^ Scattering) imphes v(t) — )■ e^^^ip i^i H^ as t — )■ oo 
and the decay estimate together with the embedding and H^(R.'^) ■— )■ L'^iW'') for q < — 
when 3 < d, q < oo when d = 2 and q < oo when d = 1 imply 

-(P-I)d . 



5 

d-2 



|e**^V^||^pH-i < Itl^f^^irv^iiHi, 



thus, ||e**^^||^p+i ^ as t ^ cx). Since ||Ve**^?/'||L2 = ||V^||l2, it follows 

E[v] = b'^vwh - ^\\vr;.i. 

2 p + 1 ^^ 



lim ( ^||Ve^*^^||i. - ^lle^'^^IIJI.) = ^llV^Hi^ 



4— >oo 



and 



MH = lim||t;(t)||i.= lim||e^*^^||i. = ||^||i.. 

t— >oo t— >oo 



"QJ 



From the hypothesis f l2.53p . we obtain 

and thus, A^<£^[f] < 1, since o"^ < (^) • Furthermore, 

where, the inequality is due to (12.531) and the last equality is obtained using f l2.43p . Hence, 

lim g^{t) <a <1. 

t—^oo 

We can take T > large so that GviT) < 1. Then applying Theorem A* part I (a) (global 
existence of solutions with A16^[f ] < 1 and Qv{t) < 1), we evolve v from time T back to time 
(we automatically get Qv(t) < 1 for all t G [0, +oo).) Thus, we obtain v with initial data 
Vq G H^ and properties (12.541) and (I2.55P as desired. D 

3. Scattering via Concentration Compactness 

Theorem 2.1 and Corollary 2.5 of Holmer-Roudenko |HR07] proved the general case for 
the mass-supercritical and energy-subcritical NLS equations with H^ initial data, thus, es- 
tablishing Theorem A* 1(a) and 11(a) for finite variance data. In addition, |CGilj included 
the proof of the blow up in finite time when d = 2 and p = 5 for the radial initial data (i.e.. 
Theorem A* part 11(a)), since it was not include in |HR07] . the authors considered p < 5. 

The goal of this section is to prove scattering in H^{M.'^) of global solutions of NLSp(M'^) 
from Theorem A* part I (a). 

Definition 3.1. Suppose Uq G H^{M.'^) and let u be the corresponding H^{M.'^) solution to 
(11.11) on [0,T*), the maximal (forward in time) interval of existence. We say that SC{uo) 
holds if T* = +00 and \\u\\go < oo. 
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3.1. Outline of Scattering via Concentration Compactness. Notice that H^— scat- 
tering of u(t) = NLS(t)uo is obtained when SC{uo) holds by Proposition 12.151 Therefore, 
to establish Theorem A* part 1 (b), it will be enough to verify that the global- in-time H^ 
Besov-Strichartz norm is finite, i.e., \\u\\m < oo, since the hypotheses provides an a priori 

bound for ||VM(t)||i2 (by Theorem A* part 1 a), thus, the maximal forward time of existence 
is T = +00. In other words, it remains to show 

Proposition 3.2. //^„(0) < 1 and M£[u] < I, then SC{uo) holds. 

The technique to achieve the scattering property above (Proposition 13.21) is the induction 
argument on the mass-energy threshold introduced in |KM06] and is based on |HR08] and 
|DHR08] . We describe it in steps 1, 2, 3. 
Step 1: Small Data. 
The equivalence of energy with the gradient (Lemma I2.16P yields 



\uo\c < iWuoimvuoWhy-^ <{{-] M[ur^E[u 



p+1 

s 



If Qu{0) < 1 and M[m]^ '^EluY < (^) S^^, then using the above inequality one obtains 
||wo||rj-s < Ssd and by Strichartz estimates ||e**^Mo||flO < c6sd- Hence, the small data 

(Proposition 12.131) yields SC{uo) property. 

Observe that Step 1 gives the basis for induction: 
Assume ^^(0) < 1. Then for small 6 > such that M[uoY^''^E[uqY < 6, we have that SC{uo) 
holds. 
Let {ME)c be the supremum of all such 6 for which SC{uq) holds, namely, 

{ME)c = sup {(5 I Mo e H^R"^) with the property: 

GuiO) < 1 and M[uY-'E[uY <6^ SC{uo) holds}. 

Thus, the goal is to show that {ME)c = M[uqY-'E[uqY- 

Remark 3.3. In the definition of {ME)c, it should be considered ^^(0) < 1 instead of the 
strict inequality ^„(0) < 1. However, Qu{0)=l only when A^£^[m] = 1 (see Figure [1] point D). 
In other words, uq = u^ (x) is a soliton solution to (11.11) and does not scatter, thus, it suffices 
to consider the strict inequality ^^(0) < 1. 

Step 2: Induction on the scattering threshold and construction of the "critical" solution. 
Assume that {ME)c < M[uqY~^E['^qY- This means that, there exists a sequence of initial 
data {unfl} in iJ^(]R^) which will approach the threshold {ME)c from above and produce 
solutions which do not scatter, i.e., there exists a sequence Unfl G H^(M.'^) with 

GuM < 1 and M[un,o]^~'E[un,oY \ (ME), as n -> cx) (3.1) 

and IImIUo = +00, 

i.e., SC{unfl) does not hold (this is possible by definition of supremum of {ME)c). 
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Using a nonlinear profile decomposition on the sequence {un,o} will allow us to construct 
a "critical" solution of NLSp(R'^), denoted by udt), that will lie exactly at the threshold 
{ME)c and will not scatter, see Existence of the Critical solution (Proposition 13. llj) . 
Step 3: Localization properties of the critical solution. 

The critical solution udt) will have the property that K = {uc{t)\t G [0, +C)o)} is precompact 
in H^{M.'^) (Lemma I3.12p . Hence, its localization implies that for given e > 0, there exists an 
R> such that ||Vm(x, t)||^2(|^^^(j)|>m — ^ uniformly in t (Corollary 13. ISp : this combined 
with the zero momentum will give control on the growth of x{t) (Lemma 13 .14^ . 

On the other hand, the rigidity theorem (Theorem I3.15P implies that such compact in 
H^ solutions with the control on x{t), can only be zero solutions, which contradicts the fact 
that Uc does not scatter. As a consequence, such Uc does not exist and the assumption that 
{ME)c < M[ug]E[ug] is not valid. This finishes the proof of scattering in Theorem A*, Part 
1(b). 

In the rest of this section we proceed with the linear and nonlinear profile decomposition 
and the proof of the existence and properties of the critical solution described in Step 2 and 
Step 3. 

3.2. Profile decomposition. This section contains the profile decomposition for linear and 
nonlinear flows for NLS^ (M*^). The important point to make here is that these are general 
proflle decompositions for bounded sequences on H^. 

Proposition 3.4 (Linear Profile decomposition). Let (f)n{x) be a uniformly bounded sequence 
in H^{M.'^). Then for each M G N there exists a subsequence of (pn (also denoted (pn), such 
that, for each I < j < M , there exist, fixed in n, a profile ip^ in H^iW''), a seq uence ti^ of 
time shifts, a sequence x{ of space shifts and a sequence Wl^{x) of remainder;^ in H^iW^), 
such that 

M 

(t>n{x) = ^e-^*"^^^'(x - <) + W^'{x) 
i=i 
with the properties: 

• Pairwise divergence for the time and space sequences. For I < k y^ j < M, 

lim |t^^-t^| + |x^„-x^| = +oo. (3.2) 

• Asymptotic smallness for the remainder sequence 

lim (\im\\e''^W^mgo ) = 0. (3.3) 

• Asymptotic Pythagorean expansion. For fixed M G N and any < s < 1, we have 

M 
ll</>n|li = E ll^'ll^^ + W^^Whs + On{l). (3.4) 



^^Here, in Proposition 13.41 and Proposition 13. 6[ W^{x) and W^{x) represent the remain- 
ders for the linear and nonlinear decompositions, respectively. 
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Proof. Let 0„ be uniformly bounded in H^, and ci > such that ||0n||j:/i < ci. 

For each dyadic A^ E 2^, given (g, r) an if '^ admissible pair, pick 6 = r2(d-2s)tf-Xy2Md+2s-4) ' 
so < ^ < 1. 

Let n = "^giy^ and gi = ,(rf_2,ff_"2)LM'(rf+2.-4) > so (gi,ri) is ii"^ admissible pair, for 
< s < 1 and d > 2. Interpolation and Strichartz estimates (12 ■4p yield 

e VV„ li^^r < ||e iy„ II ,1 ri||e M/„ || _m 

^ ^ ^t ^x J OCT d-2s 

^C||l/K„ II- ||e 1/K„ II 2d. l^d.Oj 

^ r oo r d-2s 

The goal is to write the profile 0„ as Ejli e-'*"^^^(a;-a;{) + W„^(x) with ||Vri^(x)||^. < 
Ci, for some constant Ci. By (13.51) . it suffices to show 



lim 

Af-s>+oo 






limsup||e"^W, 



We have d > 2s, since we are considering 

(i) < s < 1 in d>3 

{ii) 0<s<l in d = 2 (3.6) 

[iii) 0<s<| in d = 1. 

Construction of ipl^ : 
Let Ai = limsup , I ||e**^0„|| 2d. If Ai = 0, taking tjj^ = for all j finishes the 

TOO r d—2s 

construction. 

Suppose that Ai > 0, and let Ci = lim sup,„^_^o^ H^nllni < oo. Passing to a subsequence 
0„, we show that there exist sequences t\ and x\ and a function -^^ E H^, such that 



e 



itlAi / I _1 



+ x^)-^^ in ifi. 



and a constant K > 0, independent of all parameters, with 

Kc^ '^ U^Whs >A,'^ . (3.7) 

Note that d + 2s-4:S^ = d + 2s(l - 2s) > by (TO . 

Let Xr be a radial Schwartz function such that supp Xr C [^,2r] and Xr(0 = 1 ^oi 

- < 1^1 < r. Note that |1 - Xr| < 1 and H"" ^ L^ in R'^ with 2s < d, then 



ie^*^</.„ - Xr * e^*^0„r 2. </ 1^1(1 - xrioriMom 
< / m<Pn\'d^+ / ieii0n(orrfe< — ^ < ^. 
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Take "T" = -^, then Ai = ^. Using the definition of Ai, triangle inequahty and the previous 
calculation, for large n we have 



4^<||Xr*e^*^0„|| ^. (3i 



Therefore, interpolation implies 



U, , „tt/\i ud ^ |K^ , „«tA J \\d-ls lu, , ^itlXi \\2s ^ II J ||d-2s|U^ , „it/\i \\2s 

\Xr*e (pnW _2d^<\\Xr*e (Pn\\ loo ^2 \\Xr * e (pnllL^L^ < \\(Pn\\ l2 WXr * e (priML^L--, 

T oo r d-2s ^t ^x t X J^x t X 

J-'t ^x 

(3.9) 



where the second inequality follows from the fact that \xr\ < 1 and L^ isometry property 
of the linear Schrodinger operator. Using the definition of Ci, combining (13. 8p and (13. 9p . we 

d 

( Y 

get ^^2^ 1 < WXr * ^^^^4'n\\Lf'L^- Thus, there exists a sequence of (x^,t^) G M'^ x M^ 



2c^ t* 



_d_ 
2s 



satisfying j:^2s 1 < IXr * e**"^0„(x^)|. Since e**^ is an H^ isometry and translation 

invariant, it follows that {e**"^0„(- + x\)} is uniformly bounded in H^ (with the same 
constant as 0„'s) and along a subsequence {e**"^0„(- + x^)} ^ ip^ with ||'?/^^||hi < ci- 
Observe that 

— 



since ||Xr||/r_s ^ '"^^^ (by converting to radial coordinates) and the Holder's inequality 



d-|-4s — 4s 



produces (13.71) with K = 2 

Define W^{x) = (f)n{x)—e~^^"^i/j^{x — xl^). Note that e'*"^0„(-+x^) ^ ip'^ in H^, therefore, 
for any < s < 1, we have 

(0„,e-<V(- -a;;,))^s = (e<^0„,^i(- -a;^))^s ^ H^l^s, 

and since ||VF^||^^ = (0n — e"**"^'?/'(- — x;'^), 0„ — e~**"^'?/'-'^(- — x\))'^^^, we obtain 

lim||P^„i^s= lim||e<^0j|^.-||^i^.. 

n— s>oo n— !>oo 

Taking s = 1 and s = 0, yields ||M/^||_h'i < ci. 

Construction of ip^ for j > 2 { Inductively we assume that ip^~^ is known and construct 

Let M > 2. Suppose that ip'' , ^i,: in and Wl are known for j G {1, ■ ■ ■ , M — 1}. Consider 

AM = limsup||e^*^iy„*'^-i 

If Am = 0, then taking 'p^ = for j > M will end the construction. 
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Assume Am > 0, we apply the previous step to W^ ^, and let cm = limsup„ \\W^^ ^\\m, 
thus, obtaining sequences (or subsequences) xff,tff and a function ip^^ G H^ such that 



d+2s-4a 



2 



Define 

W:f{x) = Wr\x) - e-<"^^^(x - xf ). 

Then (13.21) and (13.41) follow from induction, i.e., we assume ( 13. 4p holds at rank M — 1, then 
expanding 

the weak convergence yields (13. 4p at rank M. 

In the same fashion, we assume (13.21) is true for j,k & {1, . . . , M — 1} with j ^ k, that is 
Wn ~ ^nl + kn ~ ^nl ~^ +^^ as n — )• oo. Take k E {1, . . . ,M — 1} and show that 

Passing to a subsequence, assume t*^ — t^ — )■ t^''^^ and x*^ — x^ — )■ x^^ finite, then as 

n — )■ oo 



e 



^lyf -^(x + xf ) =e'(*" -*")^(e'*"^W;?'-^(x + xi) - ij^{x + x^)) 



M-l 



- Y. e^^*"-*")^^^(x + x^„-x^). 
k=j+i 

The orthogonality condition (13.21) implies that the right hand side goes to weakly in if^, 
while the left side converges weakly to a nonzero t/'^^, which is a contradiction. Note that 
the orthogonality condition (13.21) holds for k = M, and since (13. 4p holds for all M, we have 

M 

and Cm < ci. Fix s. If for all M, Am > 0, then (IXTOD yields 

( d+4s-43^ ^ 2 
^%^ < 5: 11^-11^. <limsupM^.<oo, 

therefore. Am — > as M — )■ oo, and consequently, ||e**^PF^^||5(^s) — t- as n — )■ oo. Finally, 
summing over all dyadic A^, yields (13. 3p . D 

Proposition 3.5 (Energy Pythagorean expansion). Under the hypothesis of Proposition fS^ , 
we have 

M 

E[0„] = 5^E[e-^*"V] + E[W^'] + o„(l). (3.11) 
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Proof. By definition of E[u] and (13 ■4p witli s = 1, it suffices to prove tliat for all M < 1, we 
fiave 



M 



WnW^p+i — / _, 



-itiAjJup+l 



^^r"^,+o„(i). 



(3.12) 



i=i 



Step 1. Pythagorean expansion of a sum of orthogonal profiles. Fix M > 1. We want to 
sliow tliat tlie condition (13. 2p yields 



M 



p+1 



rP+l 



M 



-itiA /j||P+l 



vii^:ii+on(i). 



(3.13) 



By rearranging and reindexing, we can find Mq < M such that 

(a) t;^ is bounded in n whenever 1 < j < Mq, 

(b) |t{| ^ oo as n ^ oo if Mo + 1 < j < M. 

For the case (a) take a subsequence and assume that for each 1 < j < Mq, t{ converges 
(in n), then adjust the profiles ■^■''s such that t{ = 0. From (13. 2p we have |x:^ — x^| — ;■ +oo 
as n — )■ oo, which implies 



Mo 



P+1 



Mo 






(3.14) 



i=i 



i=i 



For the case (b), i.e., for Mq < j < M, \Pj^\ — )■ oo as ri — )■ oo and for ip G Hp+^ fl L^+i. 
thus, the Sobolev embedding and the L^ space-time decay estimate yield 

c 



-WxAik 



^P'h..^ < c\\r - 



\ . P + 



d(p-l) 
2(p+l) 



P+1 



and approximating ip'' hj ip & C^ in Hp+^ , we have 



comp 



v^ 



' -^.T 



-1 — > as 72 — )■ OO. 



Thus, combining (I3.14p and (I3.15p . we obtain (I3.12p . 
Step 2. Finishing the proof. Note that 



\\W^' 



^ * ^ TOO r ^^^^ 



Ml II 1/2 



2d(d-|-2-2s) 
d(d-2)+4s(l-s) 



roord— 2s -^t ^^a; j- oo 

By (Q it follows that 

lim ( lim lle'^'^VT^^iLP- 

Ml— >+oo V n— !>+oo 



2d sup 



/, ||l/2 



0. 



(3.15) 



(3.16) 



Let M > 1 and e > 0. The sequence of profiles {^"} is uniformly bounded in H^ and in L^^^. 
Hence, (I3.16P imphes that the sequence of remainders {VF^} is also uniformly bounded in 
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L^'^^. Pick Ml > M and rii such that for n > ni, we have 

Urn •'•'n llrP+i llrnlLp+i ^ W'^'^n ^^ n II rP+i 

Choose n2 > rii such that n > 77,2- Then fl3.13p yields 



H^Af||P+i 

" n II ^P+i 



(3.17) 



Miiip+l 
T. II rP+1 



e 
< -. 
- 3 



Ml 






e 
< -. 
- 3 



(3.18) 



Since W^ - W^^ = E*=m+i e"'*"'^V'^'(- - ^i), by (EH, there exist ^3 > ris such that 



\ *^ * n '^ * n II rP+i 



Jt?,A /j||P+l 



>■ 



rP + l 



n > rig, 

j=M+l 

Thus for n > ns, ( IXTTj) . (IXTSj) . and (l3:T9|) yield 

Af 

IP+l _ \^ llp-itiA ;j||P+l _ ||TV*^||P+1 
IrP+l /v II ^ llrP+1 Ir'^n llrP+l 

J-JX ^^^^ ^x -'^x 

which concludes the proof. 



e 
< -. 
- 3 



<e. 



(3.19) 



(3.20) 



D 



Proposition 3.6 (Nonlinear Profile decomposition). Let (j)n{x) be a uniformly bounded se- 
quence in H^(R'^). Then for each M E N there exists a subsequence of (pn, also denoted by 
(f)n, for each 1 < j < M , there exist a (same for all n) nonlinear profile i/j^ in H^lW^), a 
sequence of time shifts t^, and a sequence of space shifts x{ and in addition, a sequence (in 
n) of remainders VF^^(x) in H^iW''), such that 

M 

0„(x) = Y. NLS{-tiW{x - xi) + W^f (x), (3.21) 

i=i 
where (as n — )■ ooj 

(a) for each j, either P^ = 0, t^ — > +cxd or t{ — )• —00, 

(b) ifP^ — )• +00, then \\NLS{—t)tpmgo < +00 and if t^^ — > —00, 

then \\NLS{-t)ipmM < +00, 

'^S{{-oo,0];H'>) 

(c) for k ^ j, then \t{ - t^\ + |x{ - x^\ -)■ +00. 

The remainder sequence has the following asymptotic smallness property: 

tM\ 



Jim (hm \\NLS{t)W^'\\f,. . ) = 0. 



(3.22) 



M^-oo ^ n— >cxD ■■ . . .- ■■'-5(^8)' 

For fixed M G N and any < s < 1, we have the asymptotic Pythagorean expansion 

M 

Il0n|li. = Y. \\NLS{-tiW\\\^ + \\W::'\\l. + o„(l) (3.23) 
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and the energy Pythagorean decomposition (note that E[NLS{~P^)tlj^] = E[iIj^]): 

M 

E[<P^] = J^^m + E[W^'] + On{l). (3.24) 

i=i 

Proof. From Proposition 13.41 given that (f)n{x) is a uniformly bounded sequence in H^, we 
have 

M 

0„(x) = J2 e-''-^^'{x - xi) + W^\x) (3.25) 

i=i 

satisfying ([S^D, (O, (D and (13TT]) . We will choose M G N later. To prove this proposi- 
tion, the idea is to replace a linear flow e^^^ip^ by some nonlinear flow. 

For each %p^ we can apply the wave operator (Proposition I2.18P to obtain a function 
ip^ e H^, which we will refer to as the nonlinear profile (corresponding to the linear profile 
ip^) such that the following properties hold: 

For a given j, there are two cases to consider: either t^ is bounded, or |t^| — )• +oo. 

Case |t{| —7- +00.- 
If t^ — !• +CX), Proposition 12. 181 Part I equation (12.511) implies that 

||NLS(-t^jV'^' - e-^*"^Vi//i ^0 as t{ -^ +cx) 
and so 

||NLS(-t)^-''|Lo <+cx). (3.26) 

'^S([o,+oo),iis) 

Similarly, if t;^ -^ — oo, by (12.521) we obtain 

||NLS(-t{)^^' - e-**"^V'^||^i ^0 as t{ -^ -cx), 
and hence, 

||NLS(-t)V^^'|Uo <+oo. (3.27) 

Case t{^ is bounded (as n — )■ cxd): Adjusting the profiles ip^ we reduce it to the case P^ = 0. 
Thus, (13. 2p becomes |a;^ ~ 3;^| — )■ +cxd as n — )■ oo, and continuity of the linear flow in if\ 
leads to e"*"^?/'-' — )■ ?/'■' strongly in H^ as n — )■ oo. In this case, we simply let 

ip^ = NLS(0)e-^(^^'^"-°°*")'^^^' = e-^°^^^' = V'^'. 

Thus, in either case of sequence {P^}, we have a new nonlinear profile ip'' associated to 
each original linear profile ip^ such that 

||NLS(-t{)V^^' - e"^*"^^^'||//i ^0 as n^ +oo. (3.28) 

Thus, we can substitute e"'^"^^^ by NLS{-ti)ipi in (13:251) to obtain 

M 

0„(x) = 5^ NLS(-t^jt^^-(x - xi) + W^'ix), (3.29) 

i=i 
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where 

M M 

w:f{x) = w:f{x) + Y, {e-< v(x - xi) - ^i.^{-tiw{x - xi)] ^ w:f{x) + y, r^- 

(3.30) 
The triangle inequality yields II e^*^W^„^^ I Lo < ||e^*^W*^|Lo + cE?li ll'T'-'ILo -By 
iKmf we have that || e**^ W^^ | Lo < 1 1 e**^ W^^ | Lo + c ^*i, o„ ( 1 ) , and thus, 

lim ( lim ||e^*^W;f^|Lo ) = 0. 

A/— s>oo ^ n— ^co '^S(H^) 

Now we are going to apply a nonlinear flow to (j)n{x) and approximate it by a combination 
of "nonlinear bumps" NLS(t — tDip^{x — x{), i.e., 

M 

NLS(t)0„(x) ^ ^ NLS(t - ti)'^^{x - xi). 
i=i 

Obviously, this can not hold for any bounded in H^ sequence {0„}, since, for a example, 
a nonlinear flow can introduce finite time blowup solutions. However, under the proper 
conditions we can use the long term perturbation theory (Proposition 12.141) to guarantee 
that a nonlinear flow behaves basically similar to the linear flow. 

To simplify notation, introduce the nonlinear evolution of each separate initial condition 
Unfl = (pn- Unit, x) = NLS(t)0„(x), the nonlinear evolution of each separate nonlinear profile 
("bump"): v^{t,x) = NLS{t)ilj^{x), and a linear sum of nonlinear evolutions of "bumps": 



>A/ 



Un{t,x)=^.^^V^{t~t{,X-x{). 

Intuitively, we think that 0„ = Un.o is a sum of bumps ip'' (appropriately transformed) 
and Un{t) is a nonlinear evolution of their entire sum. On the other hand, Un{t) is a sum of 
nonlinear evolutions of each bump so we now want to compare Un{t) with Un{t). 

Note that if we had just the linear evolutions, then both Un{t) and Un{t) would be the 
same. 

Thus, Unit) satisfies 

idtUn + Am„ + |m„|^~^m„ = 0, 
and Unit) satisfies 

idtUn + A{t„ + \unY~^Un = e^\ 
where 

M 
^n ~ l*^"! '^n ^ / ^ \''^n\t ~ tn, ' — Xnj\ '^nit ^ t^, 



■^n) 



Claim 3.7. There exists a constant A independent of M, and for every M, there exists 
no = '"'o(^) such that if n > no, then ||m„|Uo < A. 

Claim 3.8. For each M and e > 0, there exists rii = niiM,e) such that if n > ni, then 
||e„ 11^0 . < e. 
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Note Un{0,x) — Un{0,x) = W^'^{x). Then for any e > there exists Mi = Mi(e) large 
enough such that for each M > Mi there exists n2 = n2{M) with n > n2 implying 

||e^*^(M„(0)-M„(0))|Lo <e. 
Therefore, for M large enough and n = niax(no, rii, 712), since 

M 



which are scattering by fl3.28p . Proposition 12. 141 implies llMnlUo 






< +CXO, a contradiction. 



S(H^) 



Coming back to the nonlinear remainder W^ , we estimate its nonlinear flow as follows 
(recall the notation of W^ , W^ and V in (^ 



By Besov Strichartz estimates (12.111) and by the triangle inequality, we get 



||NLS(t)iy, 



Mil 

n flO . 



^ II „JtATT/M|| . I 



S(irs) 



W, 



M 



M 



w. 



M 



0° ■ 



(H-s) 









S(l2) 



(3.31) 



^ WitArirMw I ^ \ ^ IITillP-l Ill-ill 



(3.32) 



We used (12.121) to obtain (13.311) and since s < 1 we have H^ M- H^, so it yields (IXc 
Hence, 

Af 

||NLS(t)W^f||^o . < lle'^'^W^f 11^0 , +c5^||e-*"V-NLS(-t^j^^-||^^, 



S(HS) 



S(H'') 



i=i 



e^*^iy*^|Lo ^0 as M^ 



and by (I3.28P and then applying (13.31) . we obtain lim, 

cx). Thus we proved ^TM . (IX^ . This also gives ([S3 

Next, we substitute the linear flow in Lemma [3.51 by the nonlinear and repeat the above 
long term perturbation argument to obtain 

M 



-'n\\ip+ 



l = J2mLS{-ti)rCl + \\W, 



M\\p+1 
n \\lp+ 



i+0„(l) 



(3.33) 



i=i 



which yields the energy Pythagorean decomposition (I3.24p . The proof will be concluded 
after we prove the Claims 13.71 and 13.81 

Proof of Claim 3. 7 We show that for a large constant A independent of M and ii n > Uq = 
no(M), then 



\Un\\s(H^) — ^■ 



(3.34) 
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Let Mq be a large enough such that ||e'*^Vr*^°||5(^i,-) < Ssd- Then, by fl3.30p . for each j > 

Mo, we have lle**^'?/'-^!!^/^^) < Ssd, thus. Proposition 12.181 yields ||f''||5(£f^) < 2||e**^V''|ls(_H-s) 
for j > Mq. 

Assume both . ^ i and rf ^ 2, the pairs (^,^), (oo,^), (i^, s^^z^) and 
(iZi! d-s-i )' are if** admissible. Hence, we have 



2(d+2) 
If, II d-2s _ 

l^nll 2(d+2) 2(d+2) 

r d — 2s r d— 2s 

^0 2(d+2) J^ _ 2(d+2) 



f'^ll o^rf_L•5^ :>(d+2) + / , |p II 2(d+2) 2(d+2) + cross tcmis 

3 — ^ _ ■ * — :j — '1 , — ^ — rs „ 



J II d-23 

/ j\\^ II 2(d+2) 2 ^^ ^ 

r d— 2s r d— 2s r d — 2s r d— 2s 

^° 2(rf+2) 2(d+2) JL .... aC'i+a) 



IK'T2^ 2(d+2) + 2^^^ Y, ||e**Vr2l^ 2(d±2)+ cross terms, (3.35) 



T d— 2s r d— 2s . 1, r 1 r d— 2s r d— 2s 



note that by ( 13.251) we have 



2(d+2) 
|p«*A i II d-2s 
I"-- H'nW 2(d+2) 2(d+2) 



Mo ,M^o, ..... M 



2(d+2) 2(d+2) ri-, . . . 2(rf+2) 



= ^||e**Vr2i^ 2(d±2) +2^^ 5^ l|e^*^^^'|| ^2-^^:2) 2(d+2) + cross terms. (3.36) 

r d— 2s r d— 2s . n r T T d— 2s r d — 2s 

Observe that by (13. 2p and taking tiq = no(M) large enough, we can consider {m„}„>„o and 
thus, make "the cross terms" < 1. Then (I3.36P and ||e**^0„|| 2(d+2) 2(d+2) < c||0„||i/s < ci 

r d — 2s T d — 2s 

imply X]j=A/)+i 11^ '^''11 ''2(d+2) 2{d+2) is bounded independent of M provided n > Uq- If 

r d—2s T d — 2s 

n > no, then \\un\\ 2(^+2) 2(^+2) is also bounded independent of M by (I3.35p . 

T d — 2s J d — 2s 

In a similar fashion, one can prove that \\un\\ 2d is bounded independent of M provided 

T 00 r d — 2s 

J-'t ^x 

n > riQ. Interpolation between \\un\\ 2(d+2) 2(d+2) and \\un\\ 2d gives \\un\\ e 6d and 

r d-'ls J d-'2s joojd-2s r 1-s r 3d-4s-2 

||m„|| 4 2d are both bounded independent of M for n > ng. 

r 1 — S r d— S — 1 

When s = I and d = 2, the previous argument takes the pair (2, oo) which is not an 
admissible pair in dimension 2. Instead we estimate IImUl^.l* and ||'u||Lg°,L4, and interpolate 
between them to get that HmUli^lI is bounded independent of M provided n > uq. 

To close the argument, we apply Kato estimate (12. 5 p to the integral equation of 

idtUn + Au„ + |m„|^^^m„ = e^. 

Claiming ||e^||ao < 1 (see Claim [3^ , as in Proposition 12. 14[ we obtain that ||S„|| ao 

is as well bounded independent of M provided n > uq. Thus, Claim Wl\ is proved. 
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Proof of Claim \3.8[ . Note that the pairs {jz 
and the pair 



6d 



12{d-2s) 



6d{d-2s) 



. (8+3d-6s){l-s) ' 3(d2+2s2)+M(l-s)-2(5s+4) • 

inequahty: for aj,ak G C, 



, „ , . „,, (-r-, T^^) are H'^ admissible 

■s' 3a— 4s— 2'' ^1— s' d—s—1' 

is i/"'* admissible. Recall the elemental 



A/ 



3-1 M 



M 



^aj ^ak-^\a,\P h 



i=i 



fc=i 



j=i 



M M 
j=l fc=l 

Mi 



ip-i, 



■J I' 



which combined with the Holder's inequality, for each dyadic number N G 2^, leads to 



\ZM\\ ^ ||~Af|| 

\^n \\S'{ti~") — II n II 12(d-23) 6ti(ti-2s) 



r (8+3d-6s)(l-s) , 3(d2+2s2)+9d(l-s)-2(5s+4) 



M M 



<EEiiAt-4x-x^^"-^ 



j=i fc=i 

k+3 



6 6d ||t;-^(t-t^,3;-x^)|| 4 2d 



Here, we used the following Holder splits: 

(p-l)(l-s) 1-s (8 + 3rf-6s)(l-s) 



6 



4 



12(rf-2s) 



(p - 1) (3c/ - 4s - 2) (/ - s - 1 _ 3(rf2 + 2s2) + 9rf(l - s) - 2(5s + 4) 
6rf ^ 2rf ~ U{d - 2s) ■ 

Note that either {t^} — )• ±oo or {t^} is bounded. 

If {t{} —7- ±oo, without loss of generality assume \t\—P^ — )■ oo as n — > oo and by adjusting 

6 6d 4 

the profiles that |x^ - a;^| ^ as n ^ oo. Since v^ G L]-' Ll"-^'-^ and i;^'^ ^ L^'^L^ 
then 

11''^ V*^ ^n1^ -^ Jll ^ 6 6d 11"^ it- f-n'-^ -^ y 



1 — s r d— s~l 



4 2d — >■ 0. 

I — s 7- d — s — 1 



If {t^} is bounded, without loss of generality, assume |x{ — x^| — ;■ oo as n — > oo, then 

llf (_t f-n)^ ^ Jll 6 6d 11"^ Kp '^ni -^ -^ / 



^'^'"'"e 6d ||t;^(t-t^„,X-X^)|| 4 2d ^0. 



D 



Thus, in either case we obtain Claim 13.81 
This finishes the proof of Proposition 13.61 

Observe that f l3.23p gives H^ asymptotic orthogonality at t = and the following lemma 
extends it to the bounded NLS flow for < t < T. 

Lemma 3.9 (if ^ Pythagorean decomposition along the bounded NLS flow). Suppose 0„ is a 
bounded sequence in H^(R'^). Let T G (0, oo) be a fixed time. Assume that Un{t) = NLS{t)(f)n 
exists up to time T for all n, and lim„_5.oo ||VM„(t)||L°o ^.i < oo. Consider the nonlinear 

profile decomposition from Proposition \3.6\ Denote Wj^{t) = NLS{t)W^ . Then for all j, 
the nonlinear profiles v^{t) = NLS{t)ip^ exist up to time T and for all t G [0, T], 



M 



IVWr 



2 
L2 



i=i 



h+On{l), 



(3.37) 



36 C. GUEVARA 

where o„(l) — )■ uniformly on < t <T. 



Proof. We use Propositon 13 .61 to obtain profiles {ip-'} and the nonlinear profile decomposition 
iK2B. Note that lim„_^oo ||NLS(t)l¥*^|Uo -^ as M -^ cx), so by choosing a large M we 

canmake ||NLS(t)iy^|Lo small. 

Let Mo be such that for M > Mq (and for n large), we have ||NLS(t)iy^^|Lo < S^d 

(recall 5sd from Proposition I2.13( ). Reorder the first Mq profiles and let M2, < M2 < M, 
be such that 

(1) For each 1 < j < M2, we have t^ = 0. Observe that if M2 = 0, there are no j in this 
case. 

(2) For each M2 + 1 < J < Mq, we have |t^| — )■ 00. If M2 = Mq, then it means that there 
are no j in this case. 

From Proposition 13.61 and the profile decomposition (13.211) we have that v^ (t) for j > Mq are 
scattering, and for M2 + 1 < j < Mq we have \\v^(t — tD\\g,jjs.!Qrpi\ — )■ as ra — )■ +00. 

In fact, taking P^ — > +00 and \\v^ {—t)\\sff^s.iQ _^_^\) < C)0, dominated convergence leads to 
II^''(~'^)IIl'' L'' < 0^5 fo^ q < 00, where (r, g) is an H"^ admissible pair, and consequently, 
11'^'' (^ ~ ^n)ll-L'' Lr — )■ as 72 — > 00. As v^ (t) has been constructed via the existence of wave 
operators to converge in H^ to a linear fiow, the L^. decay of the linear fiow 



with 



2d 



I^'(^-^')IUkt,^s^O' 



d>3 



d-2s 

^ d = 2 and s as in (13. 6p . 



l-s 

Let B = max{l, lim„ ||Vm„.(^)||l°= l^} < 00. For each 1 < j < M2, let T^ < T he the 
maximal forward time such that 11 Vf-' 11 7-0° r2 < 2B, and T = mini<,< »/„ T-' or T = T if 

M2 = 0. It is sufficient to prove that (13.371) holds for T = T, since for each 1 < j < M2, we 
have T^ = T, and therefore, T = T. Thus, let's consider [0,T]. For each 1 < j < M2, we 
have for d > 3: 

h'msiHs.^lo,f]) < ll^'ll ^^^ + ll^'ll ^.^ (3-38) 

^; y 2_ y 2d "h t; Uoo r2 K^ 2d lo.oyl 

< (f ^ + c^-^)||Vt;^|U^ ,^z.| < (tV)5, (3.40) 

note that (I3.38P comes from the "end point" admissible SlH"^) Strichartz norms [L^'" Li~ 

2d 

and L'^Lx'^"), since all other S{H^) norms will be bounded by interpolation; the Holder's 
inequality yields (I3.39P and the Sobolev's embedding H^(R'^) M- Ld^^(M°') together with 
||t;J|Uoo_ ^2 = ||^^||l2 < Unh^, from (13:231) with s = 0, gives (Km. 

[0,T] ^ ^ 



2d 
-2s 
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For d = 2: 

\\v'msiH^;iO,f]) < \\V'\\^^ ^^ + ll^'ll^^^. (3-41) 

[o.t] ^ [0,f] ^ 

"S,T]^-" "Vt]^- "Vtl^S°" llic»__^^l r 

< fll^ii"-' L2 + ll^i}^' fool ||Vt;iLoo.^2 (3.44) 

< (t^ +ci-)||Vt;iz.|^^^^i| < (r^)S, (3.45) 
where r = ((jz^) ) . Note that (13.411) comes from the "end point" admissible Strichartz 

2 2 

norms {LfLl'" and L/"°L^); Holder's inequality yields fl3.42p : the Sobolev's embeddings 
H^{m}) ^ L°^(M2) and H^-^R"^) ^ ^'^(M^) leads to ([S3SD; since r is large we have 
the Sobolev's embedding if^(]R^) ■— )■ if^~r(]R2^^ which implies f l3.44p . and finally, since 
||w^'||l--L2 = ll^^'lUi < ||0„|U2 by (13:231) with s = we get IK^ . 
For rf = 1: 

< ||t;-''|| _2 + ||i;-''|| _4 (3.46) 



[0,T] ^ [0,T] 



l-2s 



< (T— +c— )||Vt;^|Uj^,^i2 < (T— )i?, (3.48) 

2 

note that (13.461) comes from the "end point" admissible Strichartz norms {LfLl~'^" and 

Lj^^'L'^); Haider's inequality yields ([33ZD; the Sobolev's embeddings H\R^) ^ L°^{R^) 
implies (I3.47p . and finally, ||f-'||j;^oo _ j^2 = ||'?/'-'||l2 < ||0n||L2 leads to (I3.48p . 

As in the proof of Proposition 13. 6^ set M„(t, x) = J2j=i ^"'(^ ~ ^n' ^ "" ^n) ^^^^ ^ linear sum 

of nonlinear fiows of nonlinear profiles ip\ e^ = idtUn + Att^ + \un\^~^Un- Thus, for M > Mq 
we have 

Claim 3.1 There exist a constant A = A{T) independent of M, and for every M, there 
exists riQ = no(M) such that if n > no, then UttnH ao < A. 

Claim U78[ For each M and e > 0, there exists rii = ni{M,e) such that if n > rii, then 

||pM|| . 
Ipn 11/30, . 

Remark 3.10. Note since m(0) — Un{0) = W^ , there exists M' = M'(e) large enough so that 
for each M > M' there exists n2 = n2{M) such that n > n2 implies 



it A, 



u(0)-M„(0))|Lo <e. 

^S(H'';[0,T1) 
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We will next apply the long term perturbation argument (Proposition I2.14|) : note that in 
Proposition I2.14[ T = +00, while here, it is not necessary. However, T does not form part 
of the parameter dependence, since eo depends only on A = A(T), not on T, that is, there 
will be dependence on T, but it is only through A. 

Thus, the long term perturbation argument (Proposition 12. 14p gives us eo = eo(A). Select- 
ing an arbitrary e < eo, and from Remark 13.101 take M' = M'(e). Now select an arbitrary 
M > M' and take n' = max(no,ni,n2). Then combining claims [3171 - 13. 8[ Remark 13. 101 and 
Proposition 13. 6[ we obtain that for n > n'{M, e) with c = c{A) = c{T) we have 

\\un - Un\\s(H-;[o,f]) < c(T)e. (3.49) 

We will next prove (I3.37P for < t < T. Recall that for each dyadic number A^ G 2^, 
11'^"' (^ ~ ^n)lls(Hs-fofi) — ^ as n — )• oo and for each 1 < j < M2, we have ||Vf ■'11^=0 ^2 < 2B. 
Strichartz estimates imply ||Vf-'(t — t:^)||ioo _ j^2 < || Vf-'(— t{)||L°o , ^2, then 

M2 M 

l|VS(t)||i^ .2=5i||Vt;^-(t)||ioo .2+ Y. l|V^'(^-^n)llV-,Li+On(l) 
[0,T] ^ ^-^ [0,T] ^ ^-^ [0,T] ^ 

J = l j=A/2 + l 

M 



<M,B'+ Yl l|VNLS(-t^j^^||i2+o„(l) 

j=M2 + l 

< M2B' + II V0„||i2 + 0,(1) < M2B' + B^ + o„(l) 
Using (13.491) . we obtain for d > 3: 



d-2s 



111 —7"/ II j_i < II7/ — ii ii<*-2s+2 II _- ||d-2s+2 fq e;n'i 

I "-n Un||roo rP+i ^ H"-?! "-nH 2d II "n "-nil 2d ^^O.JUJ 

[0,T] ^ [0,T] ^ 



< c(T) d-2.+2 (M2-B^ -F -B^ -F o(l))d~2»+2ed-2»+2. 



in this case, we used Holder's inequality to get (I3.50p and the Sobolev embedding H 
L^{R'^) to obtain flXH]) . 
For d = 2: 



l/'T^>d^ 



1 l-s 



\Un '^n\\ 1^00 _ j^p+i ^ jlltn "UnH 2 ll^n '^n|lL°°-L°° (^O.OZJ 



[0,T] ^ ^oo _ ^T^ [0,T] 

[0,T] 



l-s 



< Ikn - ^n||^(^.p,T])II^K - ^")IH-;,L2 (3-53) 



[o,t] ^ 
?2 I d2 



< c{T) — {M2B' + B' + o(l)) — e 



2-s 



here, we used Holder's inequality to get ( 13.52^ and the Sobolev embedding H^(M.'^) M- 
L°^(M2) to obtain (l333ll . 
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For d=l: 

2 l-2s 

ll^n — Mnll roo rP+1 ^ ||M„ — Mnll " ^ 4 INn ~ Un\\ r.oo'' r.ix) (o.54) 

[0,f] == ^oo _ i,p^ [0,T] ^ 

[0,T] -^ 

^ ll«" - ^"lllJ,[o,f])l|VK - ^n)|ll|";,. (3.55) 

< c{f)^-{M2B^ + B^ + o(l))^e^, 

here, we used Holder's inequality to get fl3.54p and the Sobolev embedding H^{M}) --^ 
L°°{R^) to obtain fl335D . 

Similar to the argument in the proof of (13.331) . we establish that for < t < T 

M 
hnimlV.. = E ll^'(^ - ^n)Cl. + \\W:\t)Cl. + On(l). (3.56) 

Energy conservation and (13.241) give us 

M M 

EKit)] = E^l^'(^ - ^')] + ^l^n'] + 0.(1) = J]i^[^^] + E[W^'] + 0.(1). (3.57) 
i=i i=i 

Combining (13.561) and (I3.57P , completes the proof of (I3.37P . D 

We now have all the profile decomposition tools to apply to our particular situation in 
part I (a) of Theorem A*. 

Proposition 3.11 (Existence of a critical solution.). There exists a global (T = +00) H^ 
solution Uc{t) G H^{M.'^) with initial datum u^fl G H^{W'-) such that 

\W^4l^ = 1, ^N^ = {ME\ < M[MJl-^E[MJ^ 

Qu,{t) < 1 for all <t < +CX), 

ll^cllflo = +00. (3.58) 

Proof. Consider a sequence of solutions M„(t) to NLSp(]R'^) with corresponding initial data 
Unfl such that Gu„{0) < 1 and M[unY~'^E[unY \ {ME)c as n — )■ +00, for which SC{unfi) 
does not hold for any n. 

Without lost of generality, rescale the solutions so that ||u„^o||l2 = 1, thus, 

l|Vu„,o|ll2 < \\uJl-2'\\VuJl2 and E[unY \ (ME),. 

By construction, ||Mn||io = +00. Note that the sequence {Uno} is uniformly bounded on 

H^. Thus, applying the nonlinear profile decomposition (Proposition 13. 6p . we have 

M 

Un,o{x) = J]NLS(-t{)V;^-(x - xi) + W^\x). (3.59) 

i=i 

Now we will refine the profile decomposition property (b) in Proposition 13.61 by using part 
II of Proposition 12.181 (wave operator), since it is specific to our particular setting here. 
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Recall that in nonlinear profile decomposition we consider 2 cases when \P^\ -^ oo and \P^\ 
is bounded. In the first case, we can refine it to the following. 
First note that we can obtain ip^ (from linear ip^) such that 

||NLS(-t{)V^^' - e"**" VII//1 ^0 as n ^ +00 
with properties ( I2.54p . since the linear profiles ip^^s satisfy 



ir''\\vn%<a^(^^yM[u,r^E\ 



Uq\ 



We also have, 

M 

yM[e-^*'V]+ lim M[W^^] = lim M[m„,o] = 1- 

' ^ n—^+co n—^+oo 

i=i 

M 

V hm E[e-''"^tp^] + lim E[W^] = lim E[un,o\ = {ME)„ 

< ^ 71— >+oo n— >+oo n— >+oo 

i=i 

thus, i||^^-||ir||V^^-||l^.< (Mi?)e. 

The properties fl2.54p for ^-^ imply that M.E\i^^\ < {ME)c, and thus, we get that 

||NLS(t)V^^'(--x{)|Lo <+oo. (3.60) 

This fact will be essential for case 1 below. Otherwise, in nonlinear decomposition 03.59P 
we also have the Pythagorean decomposition for mass and energy: 

M 

V lim E[^^]+ lim E[W^]= lim E[un,o] = {ME)I . 

Since each energy is greater than (Lemma 12.161) . for all j we obtain 

EWX < (ME),. (3.61) 

Furthermore, s = in (I3.23P imply 

M 

y"M[^^]+ lim M[W^^]= lim M[u„,o] = 1. (3.62) 

' ^ 71— > + 00 71—^ + 00 

We show that in the profile decomposition (I3.59P either more than one profiles ip'^ are 
non-zero, or only one profile ip'' is non-zero and the rest (M — 1) profiles are zero. The first 
case will give a contradiction to the fact that each Un{t) does not scatter, consequently, only 
the second possibility holds. That non-zero profile ip^ will be the initial data Ucfl and will 
produce the critical solutiton udt) = NLS(t)Mco, such that ||mc|Uo = +00. 

Case 1: More than one ip^ 7^ 0. For each j, (I3.62p gives M [^■'] < 1 and for a large enough 
n, (133TD and (13^21) yield 

M[NLS(t)V^^7-"E[NLS(t)V^^']" = M[ij^Y-'E[^^]' < (ME)^. 
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Recall (13. 60 p . we have 

||NLS(t — t^)il)^{- — x^)\\m < +CXD, for large enough n, 

and thus, the right hand side in fl3.59p is finite in S{H^), since (13.220 holds for the remainder 
W^'^(x). This contradicts the fact that ||NLS(t)Mri,o||/50 = +oo. 

Case 2: Thus, we have that only one profile ip^ is non-zero, renamed to be ■j/'^, 

M„,o = NLS(-t^)t^i(- - xl) + Wl (3.63) 

with 

M[^i] < 1, Ey)^'<{ME)^ and lim ||NLS(t)W„iio =0. 

Let Uc be the solution to NLSp(]R'^) with the initial condition Mc,o = '^'^- Applying NLS(t) 
> both sides of (13.631) and estimat 
decomposition Proposition 13. 6p that 



to both sides of (13.631) and estimating it in /S^.jv^,, we obtain (by the nonlinear profile 



luelUo = ||NLS(t-t^)^l^o = lim ||NLS(t)u„,o|Uo 



= lim i|M„(t)|Lo = +00, 

since by construction HMnlUo = +oo, completing the proof. D 

Lemma 3.12 ( Precompactness of the fiow of the critical solution). Assume Uc as in Propo- 
sition l37Tl[ Then there exists a continuous path x{t) in M'^ such that 

K = K(- -x(t),t)|t G [0,+oo)} 

is precompact in H'^{W^). 

Proof. Let a sequence r„ — )■ +oo and 0„ = Wc(r„) be a uniformly bounded sequence in H^] 
we want to show that Ucijn) has a convergent subsequence in H^ . 

The nonlinear profile decomposition (Proposition 13. 6|) implies the existence of profiles tf)^ , 
the time and space sequences {t:^}, {xi^} and an error W^ such that 

M 

n,(r„) = Y, ^^^{-tiWix - xi) + li^f (x), (3.64) 

i=i 

with \ti — 1^\ + \xi — x'l\ — 7- +00 as n — 7- +00 for fixed ? 7^ k. In addition, 

M 

Y,EW\ + E[l^f ] = EK] = (ME),, 
i=i 

since each energy is nonnegative, and we have 

lim E[NLS(-t{)V^^(x-x^„)] < (ME)e. 
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Taking s = in ([323]) 

M 

V M[i,^{x - xi)] + lim \\W!^^\\l2 = M[uc] = 1. 

Note that, in the decomposition fl3.64p either we have more than one ip^ 7^ or only one 
-0^ 7^ and ip^ = for all 2 < j < M. Following the argument of Proposition I3.1H we show 
that only the second case occurs: 

«e(r„) = NLSi-tl)^\x - x\) + Wl{x) (3.65) 

such that 

M[^^] = 1, lim E[NLS(-ti)^^'(a; - x\)\ = {ME)„ 

n— >oo 

lim M[W^^] = and lim E[W^^] = 0. 

Lemma 12.161 implies 

lim WW^Wm = 0. (3.66) 

The sequence x^ will create a path x{t) by continuity. We now show that t^ has a convergence 
subsequence t^. 

Assume that t^ — )■ —00, apply NLS(t) to (I3.65P implies then triangle inequality yields 

||NLS(t)wc(r„)||^o , <||NLS(t-tl)V;^(a;-x^)||^o . + ||NLS(t)H?j^(a;)||^o . 

Note 

lim ||NLS(t-tl)^i(x-x^)l|^o . = lim ||NLS(t)t^i(x - x^)||^o . ^ =0, 

and 



||NLS(t)iyf 11^0 , <^4d, 

thus, taking n sufficiently large, the small data scattering theory (Proposition 12.131) implies 
I Indigo < Ssd a contradiction. 

In a similar fashion, assuming that t^ — )■ +00, we obtain that for n large, 
||NLS(t)'Uc(Tn)|Uo < |4d, and thus, the small data scattering theory (Proposition 

I2.13P shows that 

||mc|Uo < (5sd- (3.67) 

^ S(H^:(-oo,r„]) 

Taking n — )■ +00 implies r„ — > +00, thus (I3.67P becomes ||mc|Uo < Ssd, a contra- 

diction. Thus, tj^ must converge to some finite t^. 

Since ( Km holds and NLS(tl)V^^ ^ NLS(t^)^i in H\ f l335|l implies Uc(r„) converges in 
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Corollary 3.13. ( Precompactness of the flow implies uniform localization.) Assume u is a 
solution to (ll.ip such that 

K = {u{--x{t),t)\t G [0,+oo)} 

is precompact in H^(M.'^). Then for each e > 0, there exists R> 0, so that for all < t < oo 

|VM(s,t)|2 + \u{x,t)\'^ + \u{x,t)\P+^dx < e. (3.68) 

'\x+x{t)\>FI^ 

Furthermore, \\u(t, ■ — a;(t))||ii/i(|^|>R) < e. 

Proof. Assume (I3.68P does not hold, i.e., there exists e > and a sequence of times t„ such 
that for any i? > 0, we have 

I Vm(x, t„) P + \u{x, t„) p + \u{x, tn) \^^^ dx > e. 

'\x+x{t„)\>R 

Changing variables, we get 

|Vm(x — x(t„), t„)p + \u{x — x(t„),t„)p + \u{x — x(tn),tn)\^'^^ dx > c. (3.69) 

'\x\>R 

Note that since K is precompact, there exists G H^ such that, passing to a subsequence 
of tn, we have u{- — x(t„), t„) -^ (p in H^. For all R> 0, (I3.69P implies 

Vi? > 0, / |V0(x)p + |0(x)p + |0(a;)|^ > e, 

which is a contradiction with the fact that G H^. Thus, (I3.68P and \\u(t, ■—x{t))\\H'^(^\x\>B) < 
e hold. D 

Lemma 3.14. Let u{t) be a solution of NLSplW^) defined on [0, +oo) such that P[u] = 
and either 

(a) K = {u{- — x{t),t)\t G [0, +C)o)} is precompact in H^lW^), or 

(b) for all 0<t, 

\\uit)-e''^'^u^{--xm\m<^i (3.70) 

for some continuous function 6{t) and x{t). Then 

lim ^ = 0. (3.71) 

t-s^+oo t 

Proof of this Lemma can be found in |Guell] or adjusted from JDHR08J . 

Theorem 3.15. (Rigidity Theorem.) Let uq G H^ satisfy P[uo] = 0, A4S[uo] < 1 and 
^m(O) < 1. Let u be the global H^{W^) solution of NLSp{M.'^) with initial data Uq and suppose 
that K = {mc(- — x{t),t)\t G [0, +C)o)} is precompact in H^, then Uq = 0. 

Proof. Let G C^ be radial, with 

IxP for Ixl < 1 
[X] = < 

for \x\ > 2. 
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For R > define 



Then 



X . 



ZR{t)= I R'(j){-)\u{x,t)\'dx. 



4(t) = 2Im / RV(j){^) ■ Vu{t)u{t)d. 
and Holder's inequality yields 



X, 



4(t)| < cR I \Vumu{t)\dx < cR\Ht)f^t'^\\Vu{t)\\ 

{\x\<2B} 



2s 
L2- 



Note that, 



4(t)=45^/ J?^rM^^|^-4/A^ 



j,k 



dxjdxk \ R J dxj dxk R^ 



\u\ 



-4|i 1 



2 p+lj J ^V i? ' 



Since (/) is radial, we have 



4(t) = 8 \Vu 



Ad{p- I] 



p+ 1 



\u\^+^ + AR{u{t)), 



where 



An{u{t))=AY,j{d%ct>{^^^-2 



du 



dx~ 



+4E 



d^cj) (\x 



^yfc Ji?<|x|<2iJ t^-^i 



dxidxk \ R 



^i-^m^^-4 : 



^)/(A.(M)-.),r. 



Thus, 



1 



|A^Kt))| =c / ( \Vu{t)\' + —\u{t)\' +\u{t)r']dx. 

l\x\>R \ ^ 



(3.72) 
(3.73) 
(3.74) 



(3.75) 



(3.76) 



(3.77) 



(3.78) 



Choosing R large enough, over a suitably chosen time interval [to, ti], with <^to <^ti < oo, 
combining 03.76P and (I2.49p . we obtain 

|4(t)| > 16(1 - uP-')E[u] - \An{u{t))\. (3.79) 

From Corollary 13. 131 . letting e = ^^—^ — , with c as in (I3.78p . we can obtain -Rq ^ such that 
for all t. 



(|Vn(t)|2 + |n(t)p + |n(t)r+i) < ^ "^"^ E[v\ 

|x+rc(i)|>_Ro C 



(3.80) 



Thus combining (13. 78 p . (I3.79P and (I3.80p . and taking i? > i?o + supjj,<t<tj 13^(^)1? gives that 
for all to <t < ti, 

\z"{t)\> 8(1 -u'-')E[u]. (3.81) 
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By Lemma 13.141 there exists to > such that for all t > to, we have \x{t)\ < 'yt. Taking 
R = Rq + 7^1, we have that ( I3.8ip holds for all t G [to,ti]. Thus, integrating it over this 
interval, we obtain 

Wniti) - 4(io)| > 8(1 - LoP-')E[u]{ti - to). (3.82) 

In addition, for all t G [to,ti], combining (I3.74p . ^^(0) < 1, and Lemma [2.171 we have 

I4(t)| < cRMt)C^\\Vu{t)\\% < 2cR\\ujir'^\\VuJ% 

<c\\uXt'^\\VuJl%iRo + 7t,). (3.83) 

Combining (IH:B2D and ^M) yields 

8il-u^-')E[u]ih-to)<2c\\uXt'^\\VuJ%{Ro + ih). (3.84) 

Observe that, co, and Rq are constants depending on A^£^[m], and tg = t{j). Let 7 = 

6(1 - ujP~^)E[u]ti < 2c\\Uq IIS^^'^II Vmq \\f2R0 + 8(1 - uj''~^)E[u]to. (3.85) 

Now sending ti — )■ +00, implies that the left hand side of (I3.85P goes to 00 and the right 
hand side is bounded, which is a contradiction, unless E[u] = which implies u = 0. D 

4. Weak blowup via Concentration Compactness 

In this section, we complete the proof of Theorem A* part II (b), i.e., if under the mass- 
energy threshold A^£['u] < 1, a solution u{t) to NLSp(]R'^) with the initial condition uq G H^ 
such that Qu{0) > 1 exists globally for all positive time, then there exists a sequence of times 
t„ — )■ +00 such that Qu(tn) — > +CXD. We call this solution a "weak blowup" solution. 

Definition 4.1. Let A > 0. The horizontal line for which 

MM = MM and ^ = -A.(l-— j 
is called the " mass- energy" line for A. 



Notice that in Definition 14.11 the renormalized energy definition comes naturally by ex- 
pressing the energy in terms of the gradient which is assumed to be A. We illustrate the 
mass-energy line notion in Figure O 

4.1. Outline for Weak blowup via Concentration Compactness. Suppose that there 
is no finite time blowup for a nonradial and infinite variance solution (from Theorem A* 
part II), thus, the existence on time (say, in forward direction) is infinite (T* = +00). Now, 
under the assumption of global existence, we study the behavior of Quit) as t — >• -foo, and 
use a concentration compactness type argument for establishing the divergence of Qu{t) in 
if ^— norm as it was developed in |HR10c] . note that the concentration compactness and the 
rigidity argument is not used here to prove scattering but to prove for a blowup property. 
The description of this argument is in steps 1, 2 and 3. 
Step 1: Near boundary behavior. 
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y = {ME{u])-^ Inaccessible 




x = M)} 



Figure 2. This is a graphical representation of restrictions on energy and 
gradient. For a given A > 0, the horizontal line GH is referred to as the 
"mass-energy" line for this A. Observe that this horizontal line can intersect 



d_ 
2s 



\Su(tW 



4[Gu{t)V- 



twice, i.e., it can be a 



mass- 



the parabola y - ^s L^^v-yj v - d{p-i) 
energy" line for < Ai < 1 and 1 < A2 < oo, the first case produces solutions 
which are global and are scattering (by Theorem A* part I) and the second 
case produces solutions which either blow up in finite time or diverge in infinite 
time ( "weak blowup" ) as shown in Section HI 



Theorem A* II part (a) yields ^„(t) > 1 for all t G (T*,r*) whenever ^„(0) > 1 on the 
"mass-energy" line for some A > 1. We illustrate this in Figure [21 given uq G i/^, we first 
determine M[mo] and E[uq\ which specifies the "mass-energy" line GH. Then the gradient 
Quit) of a solution u{t) lives on the line GH. Note that Quif) > A2 > 1 if ^m(O) > 1. A 
natural question is whether Qu{t) can be, with time, much larger than 1 or A2. Proposition 
14.61 shows that it can not. Thus, we prove that the renormalized gradient Qu{t) can not 
forever remain near the boundary if originally ^„(0) is very close to it, that is, if Aq > 1, 
there exists po{\o) > such that for all A > Aq there is NO solution at the "mass-energy" 
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y={M£[u])i 




i(2/») ^(2/ 



Figure 3. Near boundary behavior of Q{t). We investigate whether the so- 
lution can remain close to the boundary (see the dash dot line KL) for all 
time. 

line for A satisfying 

A<^„(t)<A(l + po). 

Using the Figure [3], this means that the solution u{t) would have a gradient Qu{t) very close 
to the boundary DF (for all times), i.e., between the boundary DF and the dashed line 
KL. We will show that Qu{t) on any "mass-energy" line with A^£^[m] < 1 and ^u(O) > 1 will 
escape to infinity (along this line). By contradiction, assume that all solutions (starting from 
some mass-energy line corresponding to the initial renormalized gradient ^u(O) = Aq > 1) 
are bounded in renormalized gradient for all t > 0. 

Step 1 gives the basis for induction, giving that when A > 1, any solution u{t) of NLSp(R'^) 
at the "mass-energy" line for this A can not have a renormalized gradient Qu{t) bounded near 
the boundary DF for all time (see Figure [3]). We will show that Gu{t), in fact, will tend to 
-|-oo (at least along an infinite time sequence). 

Definition 4.2. Let A > 1. We say the property GBG(A,cr) /ioWcj if there exists a solution 



Elu] 



XUl- 



xp- 



u{t) of NLSp(]R^) at the mass-energy line A (i.e., M[u] = M[uq] and ^, , — ^^ 
such that A < ^„(t) < cr for all t > 0. Figure H] illustrates this definition. 

In other words, GBG(A, a) is not true if for every solution u{t) of NLSp(]R'^) at the "mass- 
energy" line for A, such that A < Quit) for all t > 0, there exists t* such that a < Quit*). 
Iterating, we conclude that, there exists a sequence {t„} — )• oo with a < Qu(tn) for all n. 



^^GBG stands for globally bounded gradient. 
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y = (Me[u])i 




X = \Qu{t)} 



Figure 4. On this graph the statement "GBG(A,cr) holds" shoes that Q{t) 
is only on the segment GJ. 



Note that, if GBG(A, a) does not hold, then for any a' < a, GBG(A, a') does not hold 
either. This will allow us induct on the GBG notion. 

Definition 4.3. Let Aq > 1. We define the critical threshold o"c by 

(Tc = sup {o-|o- > Ao and GBG(A, a) does NOT hold for all A with Aq < A < a}. 

Note that ac = CciXo) stands for "cr-critical" . 

From the step 1 (Proposition 14. 6p we have that GBG(A, A(l + po(Ao)) does not hold for 
all A > Aq. 

Step 2: Induction argument. 

Let Ao > 1 . We would like to show that o"c(Ao) = +oo. Arguing by contradiction, we assume 
crc(Ao) is finite. 
Let u{t) be a solution to NLSp(M'^) with initial data Un^ at the "mass-energy" line for A > Aq, 

^"'^ ' M[u] = M[u ] and ^„(0) > 1. We want to show that there 



E[u 

^■^■^E\Ur 



^A§ 

2s ^ 



exists a sequence of times {t„} — )■ +oo such that Gu{tn) -^ oo. Suppose the opposite, that 

is, such sequence of times does not exist. 

Then there exists cr < oo satisfying A < Gu(t) < o" for all t > 0, i.e., GBG(A,cr) holds 

with crc(Ao) < cr < oo. At this point we can apply Proposition 13.61 (the nonlinear profile 

decomposition) . 

The nonlinear profile decomposition of the sequence {un,o} and profile reordering will allow 

us to construct a ''critical threshold solution" u(t) = udt) to NLSp(R°') at the "mass-energy" 

line Ac, where Aq < Ac < crc(Ao) and Ac < Qucif) < o"c(Ao) for all t > (see Existence of 

threshold solution Lemma [4.81) . 
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Step 3: Localization properties of critical threshold solution. 

By construction, the critical threshold solution Uc{t) will have the property that the set 
K = {u{- — x{t),t)\t G [0,+oo)} has a compact closure in H^ (Lemma 14. 9p . Thus, we 
will have uniform concentration of Uc{t) in time, which together with the localization prop- 
erty (Corollary 13.131) implies that for a given e > 0, there exists an i? > such that 
||VM(a;, t)||^2(|^_,_^(t)l>m < e uniformly in t ; as a consequence, udt) blows up in finite time 
(Lemma (14. 101) ). that is, Uc = +oo, which contradicts the fact that Uc{t) is bounded in H^. 
Thus, Ucit) can not exist since our assumption that a^Xo) < oo is false, and this ends the 
proof of the "weak blowup" . 

In the rest of this chapter we proceed with the proof of claims described in Step 1, 2 and 
3. 

First, recall variational characterization of the ground state. 

4.2. Variational Characterization of the Ground State. Propositon 14.41 is a restate- 
ment of Proposition 4.4 [ HRlOcj adjusted for our general case, and shows that if a solution 
u{t, x) is close to ugit, x) in mass and energy, then it is close to uq in if ^(R"'), up to a phase 
and shift in space. The proof is identical so we omit it. 

Proposition 4.4. There exists a function e(p) defined for small p > with limp_j.o e(p) = 0, 
such that for all u G H^iW^) with 

|||m||lp+i - ||mq||lp+i| + |I|m||l2 - IImqIU^I + |||Vm||l2 - ||Vmq||l2| < p, 

there is 9q eM. and xq G W^ such that 

\\u-e'''uQ{--x,)\\H^<e{p). (4.1) 

The Proposition 14.51 is a variant of Proposition 4.1 [HRlOc] , rephrased for our case. 

Proposition 4.5. There exists a function e(p) such that e(p) — t- as p — )■ satisfying the 
following: Suppose there exists A > such that 

1 d 2 f A^"^' 
{M£[u])- ~ -\n I 



and 



2s 



\[Gu{t)]-s-\\ <p 



a" 



< pA 



2(P-1) 



A 



if \<1 
if X>1 



(4.2) 



(4.3) 



Then there exist 6n G 



uix] 



and Xq G W^ with k - 

- e*^°AK~i^MQ(A(K~^^(T^X 



M\u] 



M[uq] 



such that 



xo)) </t2(i-=)e(p). 



L2 



and 



u{x) - e''^" Xk i-=uq(A(k 'i('''~'>)x - xo) < Xk 2(i-=)e(p) 



L2 
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Proof. Set v{x) = hz'^-^u^n'^^^'^x), hence M[v] = k i-»M[m]. Assume M[v] = M[uq]. Then 
there exists A > such that fl4.2p and (14.31) become 



Elun] 2s \ a^ 



<PoA 



2(P-1) 



and 



\Vv\ 



L2 



|Vmq||l2 



<Po 



A^ if A < 1 
A if A > 1 



(4.4) 



(4.5) 



2((p-l)(d-2)-ds) 2((p-l)(2-s)+2s) 

Letting u{x) = A ((p-i)(d-2)-4)s y(^\ ((p-i)(d-2)-4)s x)^ we have 



iVnl 



L2 



|Vmq||l2 



< 



Po 



A1 



4f A < 1 
if A> 1 



< Po- 



(4.6) 



Combining Pohozhaev identities, (14. 4p and (14. 5p . gives 



d 



2sa^ 



ip+i 



I'^^qIIlp+i 



A 



2(p-l) 



< 



E\v] 



E[uq] 



i-'^^ 



XP-i 



a^ 



d 



|Vt.|||, 



2 
L2 



, , 2(p-i) d 
< Po|A ^ +- 



2(p-l) 

A^V^ if A < 1 
A? if A > 1 



< 



iVng 

d + 2s 
2s 



A^ 



PoA 



2(P-1) 



This yields 



M 



IP+l 
Ilp+1 



hollipii 



- 1 



From (14.61) and (14. 7p we have 



|W||lp+i 



FqIIlp+i 



+ 



M\l^ - IfqIIl2 



a'^id + 2s) 
^ d P'- 



|VM||i2 - ||VMQ||i2 



(4.7) 



< C{\\uq\\l2)Po. 



Let p 



po 



C{\\uq\\^2)' 



then by Proposition 14.41 there exist G M and xq G W^ such that (14. ip 

D 



holds for u. Rescaling to v and then to m, completes the proof. 

Next proposition is "close to the boundary" behavior. 

Proposition 4.6. Fix Aq > 1. There exists po = po(Ao) > (with the property that po — ^ 
as Ao \ I) such that for any A > Aq, there is NO solution u(t) of NLSpiM.'^) with P[u]=0 



satisfying \\u\\l2 = ||mq||l2, and ;^^ = ^A'(i 



AP- 



(i.e., on any "mass-energy" line 



corresponding to A > Aq and M.S < 1) with A < Quit) < A(l + po) for all t > 0. ^4 similar 
statement holds for t < 0. 



Proof. To the contrary, assume that there exists a solution u{t) of (II. ip with ||m||l2 = ||'"oI|l2, 

and^,(t) G [A,A(l + po)]. 



E\u] _d ^2 / -^ _ AP-i 



2s' 
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By continuity of the flow u{t) and Proposition I4.5[ there are continuous x{t) and 9{t) such 
that 



u{x)-e''''XuQ{X{x-Xo)) <e(p) 



L2 



and 



u{x) - e'^^XuQ (A(x - xo) < Ae(p). 



(4.8) 



(4.9) 



Define -R(T) = max <j maxo<t<T \x{t)\,loge(p) ^ \. Consider the locahzed variance (13.721) . 
Note 



-\'e[uq] = \"-\\Vuq\\12 < \\Vu{t)\\l2, 



then, 



4 = Ad{p - l)E[u] - {2d{p - 1) - 8) II VmII^^ + AR{u{t)) 

d 2 
= 16a'^E[u] - 8{a^ - l)\\Vu\\l2 + Aii{u{t)) < -S-X^X^-^ - 1)E[uq] + AR{u{t)), 

where AR{u{t)) is given by (13.771) . 

Let T > and for the local virial identity (I3.75P assume R = 2R[T). Therefore, (14. 8 p and 
(14. 9 p assure that there exists Ci > such that 

\AR{um < cA'{e{p) + e-^(^))' < 5iA^e(p)^. 

Taking a suitable po small (i.e. A > 1 is taken closer to 1), such that for < i < T, e(p) is 
small enough, we get 

zUt)<-8-/HX^-'-l)E[uQ]. 

Integrating -2^(t) in time over [0,T] twice, we obtain 

Note sup^j^jgd (p{x) from (13.721) . is bounded, say by C2 > 0. Then from (I3.72p we have 

\zr{0)\ < C2R'^\\Uo\\l2 = C2R'^\\uq\\12, 

and by fl374D 

14(0)1 <C3i?||Wo||J'"'^||VWo|lL2 <C3i?||wQ||^^^)||VMQ||iU^(l+Po). 

Taking T large enough so that by Lemma [3. 141 we have — ^ < e(p), we estimate 



2^2 



V T2 



T / 



<C(e(p)2 + e(p)) - 4-Ai(A^-i - 1)EM. 



We can initially choose po small enough (and thus, e(po)) such that C(e(p)^ + e(p)) < 
4-As(A^~^ — 1)E[uq]. We obtain < Z2R(t){T) < 0, which is a contradiction, showing that 
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our initial assumption about the existence of a solution to (1.1) with bounded Quit) does 
not hold. D 

Before we exhibit the existence of a critical element/solution, we return to the nonlinear 
profile decomposition (Proposition 13. 6p and introduce reordering. 



Lemma 4.7 (Profile reordering). Suppose 0„ = (f)n{x) is a bounded sequence in H^{M.'^). Let 
Ao > 1. Assume that M[(t)n] = M[uq] and |f^ = ^A^(l-^) such that 1 < Aq < A„ and 
An < Gcftnit) for each n. Apply Proposition \3 6\ to the sequence {i^n} and obtain nonlinear 
profiles {'ip-'}- Then, these profiles ijj^ can be reordered so that there exist 1 < Mi < M2 < M 
and 

(1) For each 1 < j < Mi, we have P^ = and v^{t) = NLS(t)i/j^ does not scatter as 
t — > +00. (In particular, there is at least one such j) 

(2) For each Mi + 1 < j < M2, we have P^ = and v^{t) scatters as t ^ +00. (If 
Ml = M2, there are no j with this property.) 

(3) For each M2 + 1 < j < M, we have |t{| — )■ 00 and v^(t) scatters as t ^ +00. (If 
M2 = M, there are no j with this property.) 

Proof. Pohozhaev identities (12.391) and energy definition yield 

nllLP+M d 2 2s E[0J 2(1^ H£^ 



^qIUp+W d-2s " d-2sE[uQ] 

Notice that if j is such that |t{| — )■ 00, then ||NLS(— t{)-?/'-'||LP+i — )■ 0, and by (I3.33P we have 
that "^ LP+^ _^ g_ Therefore, there exists at least one 7 such that tl converges. Without 

loss of generality, assume P^ = 0, and reorder the profiles such that for 1 < j < M2, we have 
ti = and for M2 + 1 < j < M, we have \t{\ -^ 0. 

It is left to prove that there exists at least one j, 1 < j < M2 such that v^(t) is not 
scattering. Assume that for all 1 < j < M2 we have that all v^ are scattering, and thus, 
II^"'(^)IUp+i — )■ as t — )■ +00. Let e > and to large enough such that for all 1 < j < M2 we 
have ||'y-^(t)||^^+i < e/M2. Using L^^^ orthogonality (13.561) along the NLS flow, and letting 
n — )■ +00, we obtain 

>^T^ \\uqCI < \\UrXt)Cl 

M2 M 

= Eii^'(*o)iii:i.+ E \\^'ito-ti)ci. + \\w:'it)Ci+on{i) 

i=i j=M2+i 

<e+\\W:fit)Cl+o4l). 

The last line is obtained since '^j=m2+i\\^'^(^o — HMfj^+i — ?■ as n — )■ 00, and gives a 
contradiction. D 

Recall that we have a fixed An > 1. 
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Lemma 4.8 (Existence of a threshold solution). There exists initial data Ucfi G H^{M.'^) and 
1 < -^0 ^ -^c ^ o'ciXo) such that Uc{t) = NLS{t)ucfl is a global solution with M[u^ = M[uq], 

wi]=Ts^H^-^) «^^' moreover, A, < G^M < ^c for all t > 0. 

Proof. Definition of cTc implies the existence of sequences {An} and {cr„} with Aq < A„ < 
a„ and o"„ \ ac such that GBG(A„, cr„) is false. This means that there exists Unfi with 

M[u] = M[uq], flgl = iXll^l - ^) and A^ < ^^ = [Quit)]^ < ^c, such that 

Unit) = NLS(t)M„^o is global. 

Note that the sequence {A„} is bounded, thus, we pass to a convergent subsequence {A„j.}. 
Assume A^^. — )■ A' as n^ — )■ oo, thus Aq < A' < o"c. 

We apply the nonlinear profile decomposition (Proposition 13. 6p and reordering (Lemma 

S2D. 

In Lemma I^TTl let 0„ = Unfi- Recall that v^{t) scatters as t — ;■ oo for Mi + 1 < j < M2, and 
by Proposition 13. 6[ v^{t) also scatter in one or the other time direction for M2 + 1 < J < M 
and -E[V'"'] = E[v^] > 0. Thus, by the Pythagorean decomposition for the nonlinear fiow 
flX^ we have 

Ml 
Y,Em<E[(pn]+On{l). 

i=i 

For at least one 1 < j < Mi, we have E[ip^] < max{lim„ E[(j)n], 0}. Without loss of generality, 

1 

we may assume j = 1. Since 1 = M[?/'-^] < lim„ M[(/)„] = M[mq] = 1, it follows ( A^£^[^^] ) '^ < 
max I lim„ 1 , thus, for some Ai > Aq, we have f A^(£^[-^^] j ° = ^A{ I 1 — ^^ j . 

Recall ip^ is a nonscattering solution, thus [Q^i(t)]~ > A, otherwise it will contradict 
Theorem A* Part I (b). We have two cases: either Ai < ac or Ai > ac- 

Case 1. Ai < ac- Since the statement "GBG(Ai, cxc — 5) is false" implies for each 5 > 0, 
there is a nondecreasing sequence t^ of times such that lim[^^i(tfc)]3 > a^ thus. 



2 „ /1^ / K_r^ (^ M^ / 11^" \^k}\\L2 



<-Ofe(l) < lim[^,i(tfc)]-< 



II V ".gii 
M 



Vv\t,Y ^ 



w^. ^'-''^ 



IIVuqII^, 



< ":j"":r^ +on(i)<a,^+o„(i). 



Taking fc ^ 00, we obtain al - o„(l) = al + 0^(1). Thus, \\W^f{tk)\\Hi -^ and M[v^] 
M[uq\. Then, Lemma [3.91 yields that for all t, 

\\^v\t)\\i. wmi^ ^ 

T^ < lim — — T^ < ar- 



IVmqII^^ n iivuqII^^ 
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Take Mc,o = 'v^{^){= i^^), and Ac = Ai. 
Case 2. Ai > a^- Note that 

\j<hm[g,.it,)]-s. (4.11) 

Replacing the first hne of fl4.10p by ( 14. lip , taking tk = and sending n — )■ +oo, we obtain 



\v\h)\\l4Vv\t,)\\l ^ \\Vv\t 



L2 . II V-y-^tfeJll^a 



Ai ^ rp5 — :-= rp5 ^ „ 



< 



L2 

llv^Qlli. 



Thus, we have Ai < o"c, which is a contradiction. Thus, this case cannot happen. D 

Lemma 4.9. Assume u{t) = Uc{t) to be the critical solution provided by Lemma \4-S\ Then 
there exists a path x(t) in M."^ such that 

K = {u{--x{t),t)\t > 0} 

has a compact closure in H^{W^). 

Proof. As we proved in Lemma 13.131 it suffices to show that for each sequence of times 
tn -> C)0, passing to a subsequence, there exists a sequence x„ such that u{-—Xn, tn) converges 
in H^. Let 0„ = u{tn) as in Proposition 14. 7[ and apply the proof of Lemma [4.81 It follows 

for j > 2 we have %Ijj = and W^^ — )■ in if ^ as n — t- oo. And thus, u{- — Xn, tn) -^ ip^ in 
H^. D 

Lemma 4.10 (Blow up for a priori localized solutions). Suppose u is a solution of the 
NLSp{W^) at the mass-energy line A > 1, with ^u(O) > 1. Select n such that < k, < 
min(A — l,fi;o)j where kq is an absolute constant. Assume that there is a radius R > k^^/^ 

such that for all t, we have Gunit) '■= - — ui-s~ n [n — ~ — ~ ^- Define f{t) to be the 

\\^Q\\L'^{\x\>R)\\'^'^Q\\h{\x\>R) 

scaled local variance: r(t) = , / ^ l — -— ; — r^ . 



Then blowup occurs in forward time before tb (i.e., T* < t^), whereto = r'{0) + y^r'{0)'^ + 2r(0) . 
Proof. By the local virial identity ( 13.76^ . 

^ ^ l6a'E[u] - 8(a^ - 1)|| V^Hj. + AnHt)) 
16a^E[u,] (^A§ (1 - S^) - «:) 

where 

\^RHt))\ = \\Vu{t)\\l2^^^>R^ + -^||M(t)||i2(|^.|>^) + ||M(t)||ip|i(|^|>^). 
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rf|IV7o, 112 



Note that, -E[Mq] = fll VMp||2^2 and definition of tlie mass-energy line yield 

16a'^E[u]-8{a^-l)\\Vu\\l, _ E[u] rfllV^H^^ 
16a^E[u^] ~Wq\~ sE[u^] 

E[u] \\Vu\\l, 



(4.12) 



< -AM 1 - ^ ) - lGu{t)r. (4.13) 



2s V a 



In addition, we have the following estimates 

\\Vv(f)\\\ <K ll''H^JIIZ^(|x|>ii) _ Wu^Wh ^ 



d{p-l) r, (d-2)(p-l) 



v(-l-W~^^ < WX/vW''^''^^ Il7/ll^~ " "'2" ('4 141 



<[Gunit)r {\\\/uji4ux-,T^ 



K. 



1-6 



We used the Gaghardo-Nirenberg to obtain (14. 14p and noticing that ||Vug||^2 and ||^iQii^2 
are constants, the last expression is estimated by k (up to a constant). In addition, Qu{t) > 1 
then K < K,[Qu{t)]'^. Applying the above estimates, it follows 



„^_^A?(l-^)-Mt)P(l-.) 
r"{t) < ^ ^ 



2s 



A*(i-S^) 



Since Qu{t) > A, we obtain r"{t) < —1. which is a contradiction. Now integrating in time 
twice gives r{t) < —^t"^ + r'(0)t + r(0) . 

The positive root of the polynomial on the right-hand side is ti, = r'(0) + ^yr^0)^+2r(0). 

D 

This concludes all the claims in steps 1, 2 and 3 in subsection 14.11 and finishes the proof 
of Theorem A* part II (b). 
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